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Part 1

“Invariant Variational Problems”
by Emmy Noether

Translation of “Invariante Variationsprobleme” (1918)



Invariante Variationsprobleme.

(F. Klein zum fiinfzigjihrigen Doktorjubilium.)
Von
Emmy Noether in Gittingen.

Vorgelegt von F. Klein in der Sitzung vom 26. Juli 19181?),

Es handelt sich um Variationsprobleme, die eine kontinuier-
liche Gruppe (im Lieschen Sinne) gestatten; die daraus sich er-
gebenden Folgerungen fiir die zugehdrigen Differentialgleichungen
finden ihren allgemeinsten Ausdruck in den in § 1 formaulierten,
in den folgenden Paragraphen bewiesenen Sitzen. Uber diese aus
Variationsproblemen entspringenden Differentialgleichungen lassen
sich viel prizisere Aussagen machen als iiber beliebige, eine Gruppe
gestattende Differentialgleichungen, die den Gegenstand der Lieschen
Untersuchungen bilden. Das folgende beruht also auf einer Verbin-
dung der Methoden der formalen Variationsrechnung mit denen der
Lieschen Gruppentheorie. Fiir spezielle Gruppen und Variations-
probleme ist diese Verbindung der Methoden nicht neu; ich er-
wiihne Hamel und Herglotz fiir spezielle endliche, Lorentz und
seine Schiiler (z. B. Fokker), Weyl und Klein fiir spezielle unend-
liche Gruppen®). Insbesondere sind die zweite Kleinsche Note und
die vorliegenden Anusfilhrungen gegenseitigz durch einander beein-

1) Die endgiltige Fassung des Manuskriptes wurde erst Ende September
eingereicht.

2) Hamel: Math. Ann, Bd. 59 und Zeitschrift f. Math. u. Phys. Bd. 50.
Herglotz: Ann. d. Phys. (4) Bd. 36, bes. § 9, S.511. Fokker, Verslag d. Amster-
damer Akad., 27./1. 1917. Fur die weitere Litteratur vergl. die zweite Note von
Klein: Géttinger Nachrichten 19. Juli 1918,

In einer eben erschienenen Arbeit von Kneser (Math. Zeitschrift Bd. 2) handelt
es sich um Aufstellung von Invarianten nach idhnlicher Methode.

Kgl. Ges, d. Wiss. Nachrichten. Math-pbys. Klasse. 1918, Heft 2. 17

First page of “Invariante Variationsprobleme” (reproduced with permission)
Nachrichten von der Koniglichen Gesellschaft der Wissenschaften zu Géttingen,
Mathematisch-physikalische Klasse, 1918, pp. 235-257.



INVARIANT VARIATIONAL PROBLEMS
(For F. Klein, on the occasion of the fiftieth anniversary of his doctorate)
by Emmy Noether in Géttingen
Presented by F. Klein at the session of 26 July 1918*

We consider variational problems which are invariant® under a continuous group (in
the sense of Lie); the consequences that are implied for the associated differential
equations find their most general expression in the theorems formulated in §1, which
are proven in the subsequent sections. For those differential equations that arise from
variational problems, the statements that can be formulated are much more precise
than for the arbitrary differential equations that are invariant under a group, which
are the subject of Lie’s researches. What follows thus depends upon a combination
of the methods of the formal calculus of variations and of Lie’s theory of groups. For
certain groups and variational problems this combination is not new; I shall mention
Hamel and Herglotz for certain finite groups, Lorentz and his students (for example,
Fokker), Weyl and Klein for certain infinite groups.' In particular, Klein’s second
note and the following developments were mutually influential, and for this reason
I take the liberty of referring to the final remarks in Klein’s note.

1 Preliminary Remarks and the Formulation of the Theorems

All the functions that will be considered here will be assumed to be analytic or
at least continuous and continuously differentiable a finite number of times, and
single-valued within the domain that is being considered.

By the term “transformation group” one usually refers to a system of transforma-
tions such that for each transformation there exists an inverse which is an element of
the system, and such that the composition of any two transformations of the system
is again an element of the system. The group is called a finite continuous [group]
&, when its transformations can be expressed in a general form which depends an-
alytically on p essential parameters € (i.e., the p parameters cannot be represented
by p functions of a smaller number of parameters). In the same way, one speaks of
an infinite continuous group &.., for a group whose most general transformations
depend on p essential arbitrary functions p(x) and their derivatives in a way that is

* The definitive version of the manuscript was prepared only at the end of September.

A gestatten, to permit, in the sense of admitting [an invariance group] has been translated as “being
invariant under [the action of] a group™ (Translatot’s note).
! Hamel, Math. Ann., vol. 59, and Zeitschrift f. Math. u. Phys., vol. 50. Herglotz, Ann. d. Phys.
(4) vol. 36, in particular §9, p. 511. Fokker, Verslag d. Amsterdamer Akad., 27/1 1917. For a more
complete bibliography, see Klein’s second note, Géttinger Nachrichten, 19 July 1918.

In a paper by Kneser that has just appeared (Math. Zeitschrift, vol. 2), the determination of
invariants is dealt with by a similar method.

Y. Kosmann-Schwarzbach, The Noether Theorems, Sources and Studies in the History 3
of Mathematics and Physical Sciences, DOI 10.1007/978-0-387-87868-3 1,
© Springer Science+Business Media, LLC 2011



4 Invariant Variational Problems

analytical or at least continuous and continuously differentiable a finite number of
times. An intermediate case is the one in which the groups depend on an infinite
number of parameters but not on arbitrary functions. Finally, one calls a group that
depends not only on parameters but also on arbitrary functions a mixed group.?

Let x1,...,x, be independent variables, and let u;(x),...,u,(x) be functions of
these variables. If one subjects the x and the « to the transformations of a group, then
one should recover, among all the transformed quantities, precisely n independent

variables, v1,..., ¥, by the assumption of invertibility of the transformations; let us
call the remaining transformed variables that depend on them v (y),..., v, (y). In
du d’u

the transformations, the derivatives of u with respect to x, that is to say 5 92 e,
X X

may also occur.® A function is said to be an invariant of the group if there is a

relation Su 90 22
Uu u v v
P(xwuagama”')ZP(ysUaa_ywa_yzs"')'

In particular, an integral / is an invariant of the group if it satisfies the relation

(N ]—/.../f(x’m?;,gi’;’...)dx
:/"'/f(y’”’g\;}’gj:"")dyét

integrated over an arbitrary real domain in x, and over the corresponding domain
S
iny.

On the other hand, I calculate for an arbitrary integral /, which is not necessarily
invariant, the first variation &8/, and I transform it, according to the rules of the

Z Lie defines, in the “Grundlagen fiir die Theorie der unendlichen kontinuierlichen Transformati-
onsgruppen” [“Basic Principles of the Theory of Infinite Continuous Transformation Groups™],
Ber. d. K. Sichs. Ges. der Wissensch. 1891 (to be cited henceforth as “Grundlagen™), the infi-
nite continuous groups as transformation groups whose elements are given by the most general
solutions of a system of partial differential equations provided that these solutions do not depend
exclusively on a finite number of parameters. Thus one obtains one of the above-mentioned cases
distinct from that of a finite group, while, on the other hand, the limiting case of an infinite number

of parameters does not necessarily satisfy a system of differential equations.
2

L | ormzt the indices here, and in the summations as well whenever it is possible, and I write Pl
Uy X
, efc.
dxpdxy
4 1 write dx, dy for dx, ...dx,, dy; ...dy, for short.

for

3 All the arguments x, u, €, p(x) that occur in the transformations must be assumed to be real, while
the coefficients may be complex. Since the final results consist of identities among the x, the u, the
parameters and the arbitrary functions, these identities are valid as well for the complex domain,
once one assumes that all the functions that occur are analytic. In any event, a major part of the
results can be proven without integration, so a restriction to the real domain is not necessary for
the proof. However, the considerations at the end of §2 and at the beginning of §5 do not seem to
be valid without integration.



I Preliminary Remarks and the Formulation of the Theorems 5

caculus of variations, by integration by parts. Once one assumes that du and all the
derivatives that occur vanish on the boundary, but remain arbitrary elsewhere, one
obtains the well-known result,

(2) 31=f---/3fdx=/---/(Zw(x,u,%,m)ﬁuf)dx,

where Y represents the Lagrangian expressions, that is to say, the left-hand side of

the Lagrangian equations of the associated variational problem 67 = 0. To that inte-

gral relation there corresponds an identity without an integral in du and its deriva-

tives that one obtains by adding the boundary terms. As an integration by parts

shows, these boundary terms are integrals of divergences, that is to say, expressions
dA, dA4,

Divd—=220 ... .
VA= T T,

where A is linear in du and its derivatives. From that it follows that
(3) Y widu; = 8 +Div A.

In particular, if f contains only the first derivatives of u, then, in the case of a simple
integral, identity (3) is identical to Heun’s “central Lagrangian equation,”

d (< d . du
(4) > wibui=681- e (2 a—iaui) : (”j = d—i) ;

while for an n-fold integral, (3) becomes

B d of J af
S Y wibu = é‘ffa—xl (za%au,) SR (28@5%) .
X1
For the simple integral and x derivatives of the u, (3) yields

(©) S idu; = 8/~

d 1\ o 2\ s & (1) K\ a5 s (x-1)
~#{2((7) Zrou= (7) oo+ (¥) oo ) }+

£ 2\ a7 3\ a7 < (1) K\ a7 o (k-2)
+4, {z ((2) ;‘{2—)5ui+ (2) Q_%Sui 4ot (2) a_ui%é“" )}+

I

K K P

and there is a corresponding identity for an n-fold integral; in particular, 4 contains
Su and its derivatives up to order x — 1. That the Lagrangian expressions y; are
actually defined by (4), (5) and (6) is a result of the fact that, by the combinations




6 Invariant Variational Problems

of the right-hand sides, all the higher derivatives of the du are eliminated, while, on
the other hand, relation (2), which one clearly obtains by an integration by parts, is
satisfied.

In what follows we shall examine the following two theorems:

L Ifthe integral I is invariant under a [group] &, then there are p linearly indepen-
dent combinations among the Lagrangian expressions which become divergences—
and conversely, that implies the invariance of I under a [group] ®,. The theorem
remains valid in the limiting case of an infinite number of parameters.

IL. If the integral I is invariant under a [group] B, depending on arbitrary func-
tions and their derivatives up to order O, then there are p identities among the La-
grangian expressions and their derivatives up to order o. Here as well the converse
is valid.®

For mixed groups, the statements of these theorems remain valid; thus one ob-
tains identities® as well as divergence relations independent of them.

If we pass from these identity relations to the associated variational problem,
that is to say, if we set y = 0,7 then Theorem I states in the one-dimensional case—
where the divergence coincides with a total differential—the existence of p first
integrals among which, however, there may still be nonlinear identities;® in higher
dimensions one obtains the divergence equations that, recently, have often been re-
ferred to as “conservation laws.” Theorem II states that p Lagrangian equations are
a consequence of the others.®

The simplest example for Theorem [I—without its converse—is Weierstrass’s
parametric representation; here, as is well known, the integral is invariant in the case
of homogeneity of the first order when one replaces the independent variable x by
an arbitrary function of x which leaves u unchanged (y = p(x); v;(y) = u;(x)). Thus
one arbitrary function occurs though none of its derivatives occurs, and to this cor-
responds the well-known linear relation among the Lagrangian expressions them-
selves, 2 lyf% = 0. Another example is offered by the physicists

LT3

general theory

of relativity”; in this case the group is the group of all the transformations of the
x 1y = pi(x), while the u (called gy and g) are thus subjected to the transfor-
mations induced on the coefficients of a quadratic and of a linear differential form,
respectively, transformations which contain the first derivatives of the arbitrary func-
tions p(x). To that there correspond the n known identities among the Lagrangian
expressions and their first derivatives.’

% For some trivial exceptions, see §2, note 13.

B Abhiingigkeit, dependence, has been translated by “identity.” Identitit has been translated by
“identity” or “identity relation.” Both Relation and Beziehung have been translated by “relation”
and Verbindung by “combination” (Translator’s note).

7 More generally, one can also set y; = T;; see §3, note 15.
8 See the end of §3.

€ Le., among the Lagrangian equations, p equations are consequences of the remaining ones
(Translator’s note).

Y For this, see Klein’s presentation.



2 Divergence Relations and Identities 7

If, in particular, one considers a group such that there is no derivative of the u(x)
in the transformations, and that furthermore the transformed independent quantities
depend only on the x and not on the u, then (as is proven in §5) from the invariance
of I, the relative invariance of Z%Suiw follows, and also that of the divergences
that appear in Theorem I, once the parameters are subjected to appropriate transfor-
mations. From that it follows as well that the first integrals mentioned above are also
invariant under the group. For Theorem II, the relative invariance of the left-hand
sides of the identities, expressed in terms of the arbitrary functions, follows, and
consequently another function whose divergence vanishes identically and which is
invariant under the group—which, in the physicists’ theory of relativity, establishes
the link between identities and law® of energy.!! Theorem II ultimately yields, in
terms of group theory, the proof of a related assertion of Hilbert concerning the lack
of a proper law of energy in “general relativity.” As a result of these additional re-
marks, Theorem I includes all the known theorems in mechanics, etc., concerning
first integrals, while Theorem II can be described as the maximal generalization in
group theory of “general relativity.”

2 Divergence Relations and Identities

Let & be a continuous group—finite or infinite; one can always assume that the
identity transformation corresponds to the vanishing of the parameters &, or to the
vanishing of the arbitrary functions p(x),'? respectively. The most general transfor-
mation is then of the form

d
}’z‘:Ai (xauﬂaz'i'“) :xi+Axi+“'
d
'Ui(y) :Bi (xsuaa—zal") :ui+Auf+"'7

where Ax;, Au; are the terms of lowest degree in &, or in p(x) and its derivatives,
respectively, and we shall assume that in fact they are /inear. As we shall show
further on, this does not restrict the generality.

10 This is to say that ¥ y;8u; is invariant under the transformation up to a multiplicative factor.

D Energiesatz has been translated literally as “law of energy,” in the sense of “law of conservation of
energy,” just as, infra, in §6, eigentlich Energiesatz, has been translated as “proper law of energy,”
in the sense of “proper law of conservation of energy” (Translator’s note).

11 See Klein’s second note.
12 Cf. Lie, “Grundlagen,” p. 331. When dealing with arbitrary functions, it is necessary to replace
(o3

. . d .
the special values a® of the parameters by fixed functions p°, -/ 28 ,+++; and correspondingly the

dx
o
values a® + € by p® + p(x), IP° + a—p, etc.
dx = ox
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Now let the integral / be invariant under &; then relation (1) is satisfied. In par-
ticular, 7 is also invariant under the infinitesimal transformations contained in &,

Vi =X+ Axj; 4 (y) = w + Auj,

and therefore relation (1) becomes

%) o—Az—/.--jf(y,vcv),g—;’,---)dy

_/_../f(x,u(x)%,---)dx,

where the first integral is defined on a domain in x + Ax corresponding to the domain
in x. But this integration can be replaced by an integration on the domain in x by
means of the transformation

®) ]~--ff(y7vcy),3;ﬂ-~)dy
_./..../f(x,v(x),%,---)d}ﬂr/---/Div(f.Ax) d,

which is valid for infinitesimal Ax, If, instead of the infinitesimal transformation
Au, one introduces the variation

) Su; = v;(x) — ui(x) =Au;—2%ﬁ\x1,
(7) and (8) thus become
(10) 0 :/---/{Sf+Div(f. Ax)}dx.

The right-hand side is the classical formula for the simultaneous variation of
the dependent and independent variables. Since relation (10) is satisfied by integra-
tion on an arbitrary domain, the integrand must vanish identically; Lie’s differential
equations for the invariance of I thus become the relation

(11 8 f+Div(f. Ax) = 0.

If, using (3), one expresses 8 f here in terms of the Lagrangian expressions, one
obtains

(12) Swidui=DivB  (B=A—f. Ax),



3 Converse in the Case of a Finite Group 11

= 1
one obtains a relation, 6 f + Div(4 — B) = 0. Let us then set Ax = 7 (4 —B); one

obtains (11) immediately; finally, by integration, we obtain (7), A/ = 0, which is
to say, the invariance of 7 under the infinitesimal transformations determined by Ax
and Au, where the Au may be calculated from Ax and Su by means of (9), and Ax
and Au are linear in the parameters. But it is well known that A/ = () implies the in-
variance of 7 under the finite transformations which may be obtained by integrating

the system of simultaneous equations®
dx,- du,- i =i
17 — = Ax;; — = Au; fort =0
()] dt Xi dt uj B
u; =1

These finite transformations contain p parameters ay,...,dp, i.e., the combina-
tions f€1,...,t&,. By the assumption of the existence of p and only p linearly inde-
pendent divergence relations (13), it follows that the finite transformations always

. . .. du .
form a group if they do not contain the derivatives —. In the contrary case, in fact,

there would be at least one infinitesimal transformat)icon, obtained as a Lie bracket,
which would not be linearly dependent on the remaining p; and since / remains
invariant under this transformation as well, there would be more than p linearly in-
dependent divergence relations; otherwise this infinitesimal transformation would
have the particular form du=0, Div(f. Ax) = 0, but, in this case, Ax or Au would
depend on derivatives, which is contrary to the assumption. The question whether
this case can occur when derivatives occur in Ax or Au is still open; it is then nec-
essary to add all the functions Ax such that Div(f. Ax) = 0 to the preceding Ax to
obtain the group property, but, by convention, the supplementary parameters must
not be taken into account. Therefore the converse is proven.

From this converse it further follows that Ax and Au may actually be assumed to
be linear in the parameters. In fact, if Ax and Au were expressions of a higher de-
gree in &, one would simply have, because of the linear independence of the powers
of €, a greater number of corresponding relations of the type (13), from which one
would deduce, by the converse, the invariance of I with respect to a group whose
infinitesimal transformations depend /inearly on the parameters. If this group must
have exactly p parameters, then there must exist linear identities among the di-
vergence relations originally obtained for the terms of higher degree in e.

It still must be observed that in the case where Ax and Au contain also derivatives
of u, the finite transformations may depend on an infinity of derivatives of u; in fact,
. H d2Xf dzu,-
when one determines the PRI
NEIAREATS YA

oxe )  Oxg n dx; Oxy

the integration of (17) leads in this case to

, so that the number of derivatives of u increases

.. dx
G Below, the original text reads x = Ax;, then x; = y (Translator’s note).

. Xi
H The original text reads I; (Translator’s note).
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in general with every step. Here is an example:

1 d -
f=5u'2; v=—u"; ul.x=a(u—u’x); du=x.¢€;
-2 2
Ax:%s; Au—(—?)-é‘

u u

Finally, since the Lagrangian expressions of a divergence vanish identically, the
converse shows the following: if / is invariant under a &, then every integral which
differs from / only by an integral on the boundary, which is to say, the integral of
a divergence, is itself invariant under a &, with the same du, whose infinitesimal
transformations will in general contain derivatives of #. Thus, in the above exam-

2
ple, [ = % {u’z - % (u;) } is invariant under the infinitesimal transformation
Au = xg, Ax = 0, while in the corresponding infinitesimal transformations for f,
there occur derivatives of .

If one passes to the variational problem, which is to say if one lets y; = 0, then
(13) yields the equations Div B = 0, ..., Div B® = 0, which are
often called “conservation laws.” In the one-dimensional case, it follows that
B = const.,...,BP) = const., and from this fact, the B contain the derivatives of
order at most (2x — 1) of the u (by (6)) whenever Au and Ax do not contain deriva-
tives of an order higher than «, the order of those derivatives that occur in f. Since,
in general, the derivatives of order 2k occur in y,'¢ the existence of p first integrals
follows. That there may be nonlinear identities among them is proven once again by

the aforementioned f. To linearly independent Au = g1, Ax = & there correspond
l1d
no_r IAVA . .
. = ——(u')", while there exists a
2 dx( )
nonlinear identity among the first integrals ' = const.; 1’> = const. Furthermore,
we are dealing here only with the elementary case in which Au, Ax do not contain

derivatives of the 2.7

linearly independent relations #” = d—u’; u
x

4 Converse in the Case of an Infinite Group

Let us first show that the assumption of the linearity of Ax and Au does not consti-
tute a restriction because, even without recourse to the converse, it is an immediate
result of the fact that &.., depends formally on p and only p arbitrary functions.

13 Wi = 0 or, in a slightly more general fashion, y; = T;, where T; are functions recently introduced,
are called in physics “field equations.” In the case where y; = T;, the identities (13) become the
equations Div BA =¥ 5u£l), which are also called “conservation laws” in physics.

16 Once f is nonlinear in the derivatives of order x.

17 Otherwise, one still obtains that (f )l = const. [The original text reads w'* (Translator’s note).]
for every A from u”. (u')* "' = % %(n’))’.



4 Converse in the Case of an Infinite Group 13

One shows in fact that, in the nonlinear case, in the course of the composition of
transformations whereby the terms of lower order are added, the number of arbi-
trary functions would increase. In fact, let

J Y
y (x’“’a_Z"";p) =x+ Yalv,u,)p + b, )p" 1 5E

2
+cp¥? op +--+d ar V_|_... (p¥ = (P (plP))¥);
dx dx ’
) du .. .
and corresponding to that, v = B x,u,g,'--;p ; by composition with

z=A (y, , a—v,- . ;q) one obtains, for the terms of lower order,
¥

., dp YL
— v v v—1YF v—1Y4
z-x—i—Za(p +q )+b{p o +gq Bx}

2 2
+e {p"z (g—i) +q¥ 7 (%) } 4o

If any of the coefficients different from @ and b is nonvanishing, one obtains in

g (o)
fact a term p¥~ ¢ (3‘0) +q"7° (gq) for o > 1, which cannot be written as
x x

the differential of a unique function or of a power of such a function; the number
of arbitrary functions would thus have increased, contrary to the hypothesis. If all
the coefficients different from @ and b vanish, then, according to the value of the
exponents vy,..., V,, either the second term is the differential of the first (which, for
example, always occurs for a &..;) so that in fact there is linearity, or the number
of arbitrary functions increases here as well. The infinitesimal transformations thus
satisfy a system of linear partial differential equations because of the /inearity of the
p(x); and since the group properties are satisfied, they form an “infinite group of
infinitesimal transformations™ according to Lie’s definition (Grundlagen, §10).

The converse is proven by considerations similar to those of the case of finite
groups. The existence of the identities (16) leads, after multiplication by p(’”(x)
and summation, and by identity (14), to ¥, l;f,—Sut- = Div I'; and from there follow,
as in §3, the determination of Ax and Au and the invariance of I under infinitesi-
mal transformations which effectively depend linearly on p arbitrary functions and
their derivatives up to order ¢. That these infinitesimal transformations, when they

do not contain any derivatives —, - - -, certainly form a group follows, as it did in
X

§3, from the fact that otherwise, by composition, more than p arbitrary functions
would occur, whereas, by assumption, there are only p identities (16); they form in
fact an “infinite group of infinitesimal transformations.” Now such a group consists
(Grundlagen, Theorem VII, p. 391) of the most general infinitesimal transforma-
tions of some “infinite group & of finite transformations,” in the sense of Lie. Each



14 Invariant Variational Problems
finite transformation is generated by infinitesial transformations (Grundlagen, §7)'%
and can then be obtained by integration of the simultaneous system!

dx,- du,- Yi =i

S Axp S = A fort =0,

di X di Ui B or
U; = v

in which, however, it may occur that it is necessary to assume that the arbitrary p(x)
also depend on t. Thus & actually depends on p arbitrary functions; it suffices in
particular to assume that p(x) is independent of ¢ for that dependence to be analytic
in the arbitrary functions g(x) = ¢.p(x).'* If the derivatives %, .-+ are present, it
may be necessary to add the infinitesimal transformation u = 0, Div(f. Ax) = 0in
order to be able to formulate the same conclusions.

Let us add, following an example of Lie (Grundlagen, §7), a fairly general case
where one can obtain an explicit formula which shows as well that the derivatives up
to order ¢ of the arbitrary functions occur, and where the converse is thus complete.
These are groups of infinitesimal transformations to which there corresponds the
group of all the transformations of the x and those of the u “induced” by them, i.e.,
the transformations of the u for which Au and therefore 1 only depend on those arbi-
trary functions that occur in Ax; there, once more, let us assume that the derivatives

u .
50 do not occur in Au. Then we have
X

n

: ap't) 9% p()
— - o (4) ) LpMeP " AP
Axi=p(x); Ay lzl{a (x,u)p™ +b o 4+t %0 }

Since the infinitesimal transformation Ax = p(x) generates every transformation
x =y+g(y) with arbitrary g(y), one can, in particular, determine p(x) that depends
on ¢ in such a way that the one-parameter group will be generated by

(18) xi=yi+1.8i(y),

which becomes the identity for # = 0, and the required form x = y + g(y) for¢ = 1.
In fact, from the differentiation of (18), it follows that:

dx,-

(19) E:gi()’):p(i)(x’t)a

I8 From that it follows in particular that the group & generated by the infinitesimal transformations
Ax, Auof a G.p recovers Go.p. In fact, this ®..p does not contain any infinitesimal transformations
other than Ax, Au depending on arbitrary functions, nor can it contain any which are independent
of these functions and which would depend on parameters, because it would be a case of a mixed
group. Now, according to the above, the finite transformations are determined from the infinitesimal
transformations.

! Below, the original text reads u; = v (Translator’s note).

19 The question whether this last case always occurs was raised by Lie in another formulation
(Grundlagen, §7 and §13, conclusion).
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5 Invariance of the Various Elements of the Relations

Upon restriction to the simplest case for the group &, the case that is usually treated,
in which one does not admit any derivatives of the u in the transformations, and
where the transformed independent variables depend only on x and not on u, one
may conclude that the various terms in the formulas are invariant. First one deduces

from known laws the invariance of f e f (Z W;0u;) dx, whence the relative in-

variance of » y;8u;,>" where & denotes an arbitrary variation. In fact, on the one

hand,
1= [ [or (w2 Y ax= [ [or(sn 2l ) v
dx ay
du . . .
and on the other, for a 511,5%, -+« which vanishes on the boundary and which,
d
because of the homogeneous linear transformation of du, & a—z, -+, corresponds to

d
aov, 68—;] ,--- that also vanishes on the boundary:

/l.../af(x,u’%,.--) dv= [ [(Zwilu...)5u) d
f...f&f(y,ﬂ,j}...) dy=/~~-f(2qu(v,...)6vg) dy,

o
zﬁuvglr”‘”zagaﬁ =0,

u®
which are equation (30) in Klein. [Above, the original text reads dg"" (Translator’s note).] Now
let/* = [--- [ R*dS, where & = &+ Div and thus &}, = Ry, where &,,,,, &y are the respective
Lagrangian expressions. The identities derived above are also satisfied by &, ; and after multipli-
cation by p’ and summation, one obtains, when one recognizes the differential of a product,

2 Ruvp! +2Div(Y g7 Ruept) =0

88" +Div (Z(Zg““ﬁu,pr - ;j\,p‘”)) =0.
g

[The original text omits the parentheses within the summation symbol (Translator’s note).] Com-
paring the above with Lie’s differential equation, § &* 4+ Div(&*Aw) = 0, one obtains

1 JR* Vi oo
Auw® = 7 (Z(Zg”“.ﬁ”pr— wﬁ‘w}); Ag”v=puv+2g‘g Aw

[The original text omits the last parenthesis but one (Translator’s note).] as infinitesimal transfor-
mations that leave /* invariant. These infinitesimal transformations thus depend on the first and
second derivatives of the g, and contain the arbitrary functions p and their first derivatives.

2! That means that Z y;Ou; is invariant up to a factor, which is what one calls relative invariance
in the algebraic theory of invariants.
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