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Computing with Formulas

Our first examples on computer programming involve programs that evaluate math-
ematical formulas. You will learn how to write and run a Python program, how to
work with variables, how to compute with mathematical functions such as e¢* and
sin x, and how to use Python for interactive calculations.

We assume that you are somewhat familiar with computers so that you know
what files and folders are (another frequent word for folder is directory), how you
move between folders, how you change file and folder names, and how you write
text and save it in a file.

All the program examples associated with this chapter can be downloaded as
a tarfile or zipfile from the web page http://hplgit.github.com/scipro-primer. 1
strongly recommend you to visit this page, download and pack out the files. The
examples are organized in a folder tree with src as root. Each subfolder corre-
sponds to a particular chapter. For example, the subfolder formulas contains the
program examples associated with this first chapter. The relevant subfolder name is
listed at the beginning of every chapter.

The folder structure with example programs can also be directly accessed in
a GitHub repository' on the web. You can click on the formulas folder to see
all the examples from the present chapter. Clicking on a filename shows a nicely
typeset version of the file. The file can be downloaded by first clicking Raw to
get the plain text version of the file, and then right-clicking in the web page and
choosing Save As. . ..

1.1 The First Programming Encounter: a Formula

The first formula we shall consider concerns the vertical motion of a ball thrown
up in the air. From Newton’s second law of motion one can set up a mathematical
model for the motion of the ball and find that the vertical position of the ball, called
¥, varies with time ¢ according to the following formula:

1
y(1) = vot fzgﬂ. (1.1)

Uhttp://tinyurl.com/pwyasaa
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Here, vp is the initial velocity of the ball, g is the acceleration of gravity, and ¢ is
time. Observe that the y axis is chosen such that the ball starts at y = 0 when
t = 0. The above formula neglects air resistance, which is usually small unless vy
is large, see Exercise 1.11.

To get an overview of the time it takes for the ball to move upwards and return
to y = 0 again, we can look for solutions to the equation y = 0:

1 1
UO;_Egtlzg(uo—Egt):() = t=0ort =2u/g.

That is, the ball returns after 2v/ g seconds, and it is therefore reasonable to restrict
the interest of (1.1) to ¢ € [0, 2vy/g].

1.1.1 Using a Program as a Calculator

Our first program will evaluate (1.1) for a specific choice of vy, g, and ¢. Choosing
vo = 5m/s and g = 9.81 m/s? makes the ball come back after 1 = 2vy/g ~ 1s.
This means that we are basically interested in the time interval [0, 1]. Say we want
to compute the height of the ball at time ¢t = 0.6 s. From (1.1) we have

1
y=5-0.6—5-9.81-0.62 (1.2)

This arithmetic expression can be evaluated and its value can be printed by a very
simple one-line Python program:

print 5%0.6 - 0.5%9.81%0.6*x*2

The four standard arithmetic operators are written as +, -, *, and / in Python
and most other computer languages. The exponentiation employs a double asterisk
notation in Python, e.g., 0.62 is written as 0. 6x*2,

Our task now is to create the program and run it, and this will be described next.

11.2 About Programs and Programming

A computer program is just a sequence of instructions to the computer, written in
a computer language. Most computer languages look somewhat similar to English,
but they are very much simpler. The number of words and associated instructions
is very limited, so to perform a complicated operation we must combine a large
number of different types of instructions. The program text, containing the sequence
of instructions, is stored in one or more files. The computer can only do exactly
what the program tells the computer to do.

Another perception of the word program is a file that can be run (“double-
clicked”) to perform a task. Sometimes this is a file with textual instructions (which
is the case with Python), and sometimes this file is a translation of all the program
text to a more efficient and computer-friendly language that is quite difficult to read
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for a human. All the programs in this chapter consist of short text stored in a single
file. Other programs that you have used frequently, for instance Firefox or Internet
Explorer for reading web pages, consist of program text distributed over a large
number of files, written by a large number of people over many years. One sin-
gle file contains the machine-efficient translation of the whole program, and this is
normally the file that you double-click on when starting the program. In general,
the word program means either this single file or the collection of files with textual
instructions.

Programming is obviously about writing programs, but this process is more than
writing the correct instructions in a file. First, we must understand how a problem
can be solved by giving a sequence of instructions to the computer. This is one of
the most difficult things with programming. Second, we must express this sequence
of instructions correctly in a computer language and store the corresponding text in
a file (the program). This is normally the easiest part. Third, we must find out how
to check the validity of the results. Usually, the results are not as expected, and we
need to a fourth phase where we systematically track down the errors and correct
them. Mastering these four steps requires a lot of training, which means making
a large number of programs (exercises in this book, for instance!) and getting the
programs to work.

1.1.3 Tools for Writing Programs

There are three alternative types of tools for writing Python programs:

e a plain text editor
e an integrated development environment (IDE) with a text editor
e an [Python notebook

What you choose depends on how you access Python. Section H.I contains infor-
mation on the various possibilities to install Python on your own computer, access
a pre-installed Python environment on a computer system at an institution, or access
Python in cloud services through your web browser.

Based on teaching this and previous books to more than 3000 students, my rec-
ommendations go as follows.

e If you use this book in a course, the instructor has probably made a choice for
how you should access Python — follow that advice.

e If you are a student at a university where Linux is the dominating operating
system, install a virtual machine with Ubuntu on your own laptop and do all
your scientific work in Ubuntu. Write Python programs in a text editor like
Gedit, Atom, Sublime Text, Emacs, or Vim, and run programs in a terminal
window (the gnome-terminal is recommended).

e If you are a student a university where Windows is the dominating operating
system, and you are a Windows user yourself, install Anaconda. Write and run
Python programs in Spyder.

e If you are uncertain how much you will program with Python and primarily
want to get a taste of Python programming first, access Python in the cloud, e.g.,
through the Wakari site.
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e If you want Python on your Mac and you are experienced with compiling and
linking software in the Mac OS X environment, install Anaconda on the Mac.
Write and run programs in Spyder, or use a text editor like Atom, TextWrangler,
Emacs, or Vim, and run programs in the Terminal application. If you are not
very familiar with building software on the Mac, and with environment variables
like PATH, it will be easier in the long run to access Python in Ubuntu through
a virtual machine.

1.1.4 Writing and Running Your First Python Program

I assume that you have made a decision on how to access Python, which dictates
whether you will be writing programs in a text editor or in an [Python notebook.
What you write will be the same — the difference lies in how you run the program.
Sections H.2 and H.4 briefly describe how to write programs in a text editor, run
them in a terminal window or in Spyder, and how to operate an IPython notebook.
I recommend taking a look at that material before proceeding.

Open up your chosen text editor and write the following line:

print 5%0.6 - 0.5%9.81%0.6%x*2

This is a complete Python program for evaluating the formula (1.2). Save the line
to a file with name balll.py.

The action required to run this program depends on what type of tool you use for
running programs:

e terminal window: move to the folder where balll.py is located and type
python balll.py

e [Python notebook: click on the “play” button to execute the cell

e Spyder: choose Run from the Run pull-down menu

The output is 1.2342 and appears

e right after the python balll.pycommand in a terminal window
e right after the program line (cell) in the IPython notebook
¢ in the lower right window in Spyder

We remark that there are other ways of running Python programs in the terminal
window, see Appendix H.5.

Suppose you want to evaluate (1.1) for vy = 1 and r = 0.1. This is easy: move
the cursor to the editor window, edit the program text to

print 1%0.1 - 0.5%9.81%0. 1xx*2

Run the program again in Spyder or re-execute the cell in an IPython notebook. If
you use a plain text editor, always remember to save the file after editing it, then
move back to the terminal window and run the program as before:
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Terminal> python balll.py
0.05095

The result of the calculation has changed, as expected.

Typesetting of operating system commands

We use the prompt Terminal> in this book to indicate commands in a Unix or
DOS/PowerShell terminal window. The text following the Terminal> prompt
must be a valid operating system command. You will likely see a different
prompt in the terminal window on your machine, perhaps something reflecting
your username or the current folder.

1.1.5 Warning About Typing Program Text

Even though a program is just a text, there is one major difference between a text in
a program and a text intended to be read by a human. When a human reads a text,
she or he is able to understand the message of the text even if the text is not perfectly
precise or if there are grammar errors. If our one-line program was expressed as

write 5%0.6 - 0.5%9.81x0.672

most humans would interpret write and print as the same thing, and many would
also interpret 6~2 as 6°. In the Python language, however, write is a grammar
error and 62 means an operation very different from the exponentiation 6%*2.
Our communication with a computer through a program must be perfectly precise
without a single grammar or logical error. The famous computer scientist Donald
Knuth put it this way:

Programming demands significantly higher standard of accuracy. Things don’t simply have
to make sense to another human being, they must make sense to a computer. Donald Knuth
[11, p. 18], 1938-.

That is, the computer will only do exactly what we tell it to do. Any error in the
program, however small, may affect the program. There is a chance that we will
never notice it, but most often an error causes the program to stop or produce wrong
results. The conclusion is that computers have a much more pedantic attitude to
language than what (most) humans have.

Now you understand why any program text must be carefully typed, paying at-
tention to the correctness of every character. If you try out program texts from this
book, make sure that you type them in exactly as you see them in the book. Blanks,
for instance, are often important in Python, so it is a good habit to always count
them and type them in correctly. Any attempt not to follow this advice will cause
you frustrations, sweat, and maybe even tears.
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1.1.6 Verifying the Result

We should always carefully control that the output of a computer program is correct.
You will experience that in most of the cases, at least until you are an experienced
programmer, the output is wrong, and you have to search for errors. In the present
application we can simply use a calculator to control the program. Setting ¢ = 0.6
and vy = 5 in the formula, the calculator confirms that 1.2342 is the correct solution
to our mathematical problem.

1.1.7 Using Variables

When we want to evaluate y(¢) for many values of #, we must modify the ¢ value
at two places in our program. Changing another parameter, like vy, is in principle
straightforward, but in practice it is easy to modify the wrong number. Such modifi-
cations would be simpler to perform if we express our formula in terms of variables,
i.e., symbols, rather than numerical values. Most programming languages, Python
included, have variables similar to the concept of variables in mathematics. This
means that we can define vO0, g, t, and y as variables in the program, initialize the
former three with numerical values, and combine these three variables to the desired
right-hand side expression in (1.1), and assign the result to the variable y.

The alternative version of our program, where we use variables, may be written
as this text:

g = 9.81
t =0.6
¥ = vO*t - 0.5xgxt*x*2
print y

Variables in Python are defined by setting a name (here vO0, g, t, or y) equal to
a numerical value or an expression involving already defined variables.

Note that this second program is much easier to read because it is closer to the
mathematical notation used in the formula (1.1). The program is also safer to mod-
ify, because we clearly see what each number is when there is a name associated
with it. In particular, we can change t at one place only (the line t = 0.6) and not
two as was required in the previous program.

We store the program text in a file ball2.py. Running the program results in
the correct output 1.2342,

1.1.8 Names of Variables

Introducing variables with descriptive names, close to those in the mathematical
problem we are going to solve, is considered important for the readability and relia-
bility (correctness) of the program. Variable names can contain any lower or upper
case letter, the numbers from 0 to 9, and underscore, but the first character cannot be
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a number. Python distinguishes between upper and lower case, so X is always dif-
ferent from x. Here are a few examples on alternative variable names in the present
example:

initial_velocity = &

acceleration_of_gravity = 9.81

TIME = 0.6

VerticalPosition0fBall = initial_velocity*TIME - \
0.5*acceleration_of_gravity*TIME**2

print VerticalPositionOfBall

With such long variables names, the code for evaluating the formula becomes so
long that we have decided to break it into two lines. This is done by a backslash at
the very end of the line (make sure there are no blanks after the backslash!).

In this book we shall adopt the convention that variable names have lower case
letters where words are separated by an underscore. Whenever the variable repre-
sents a mathematical symbol, we use the symbol or a good approximation to it as
variable name. For example, y in mathematics becomes y in the program, and v
in mathematics becomes vO in the program. A close resemblance between mathe-
matical symbols in the description of the problem and variables names is important
for easy reading of the code and for detecting errors. This principle is illustrated by
the code snippet above: even if the long variable names explain well what they rep-
resent, checking the correctness of the formula for y is harder than in the program
that employs the variables vO0, g, t, and yO.

For all variables where there is no associated precise mathematical description
and symbol, one must use descriptive variable names which explain the purpose of
the variable. For example, if a problem description introduces the symbol D for
a force due to air resistance, one applies a variable D also in the program. How-
ever, if the problem description does not define any symbol for this force, one
must apply a descriptive name, such as air_resistance, resistance_force,
ordrag_force.

How to choose variable names

e Use the same variable names in the program as in the mathematical descrip-
tion of the problem you want to solve.

e For all variables without a precise mathematical definition and symbol, use
a carefully chosen descriptive name.

1.1.9 Reserved Words in Python

Certain words are reserved in Python because they are used to build up the Python
language. These reserved words cannot be used as variable names: and, as,
assert, break, class, continue, def, del, elif, else, except, False,
finally, for, from, global, if, import, in, is, lambda, None, nonlocal,
not, or, pass, raise, return, True, try, with, while, and yield. If you wish
to use a reserved word as a variable name, it is common to an underscore at the
end. For example, if you need a mathematical quantity A in the program, you may
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work with lambda_ as variable name. See Exercise 1.16 for examples on legal and
illegal variable names.

Program files can have a freely chosen name, but stay away from names that
coincide with keywords or module names in Python. For instance, do not use
math.py, time.py, random.py, os.py, sys.py, while.py, for.py, if.py,
class.py, or def.py.

1.1.10 Comments

Along with the program statements it is often informative to provide some com-
ments in a natural human language to explain the idea behind the statements. Com-
ments in Python start with the # character, and everything after this character on
a line is ignored when the program is run. Here is an example of our program with
explanatory comments:

# Program for computing the height of a ball in vertical motion.
v0 =5 # initial velocity

g = 9.81 # acceleration of gravity

t =06 # time

y = vO*t - 0.5*g*t**2 # vertical position

print y

This program and the initial version in Sect. 1.1.7 are identical when run on the
computer, but for a human the latter is easier to understand because of the com-
ments.

Good comments together with well-chosen variable names are necessary for any
program longer than a few lines, because otherwise the program becomes difficult to
understand, both for the programmer and others. It requires some practice to write
really instructive comments. Never repeat with words what the program statements
already clearly express. Use instead comments to provide important information
that is not obvious from the code, for example, what mathematical variable names
mean, what variables are used for, a quick overview of a set of forthcoming state-
ments, and general ideas behind the problem solving strategy in the code.

Remark If you use non-English characters in your comments, Python will com-
plain with error messages like

SyntaxError: Non-ASCII character ‘\xc3’ in file ...
but no encoding declared; see

http://www.python.org/peps/pep-0263.html for details

Non-English characters are allowed if you put the following magic line in the pro-
gram before such characters are used:

# -*- coding: utf-8 -*-
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(Yes, this is a comment, but it is not ignored by Python!) More information on
non-English characters and encodings like UTF-8 is found in Sect. 6.3.5.

1.1.11 Formatting Text and Numbers

Instead of just printing the numerical value of y in our introductory program, we
now want to write a more informative text, typically something like

At t=0.6 s, the height of the ball is 1.23 m.

where we also have control of the number of digits (here y is accurate up to cen-
timeters only).

Printf syntax The output of the type shown above is accomplished by a print
statement combined with some technique for formatting the numbers. The oldest
and most widely used such technique is known as printf formatting (originating
from the function printf in the C programming language). For a newcomer to
programming, the syntax of printf formatting may look awkward, but it is quite
easy to learn and very convenient and flexible to work with. The printf syntax is
used in a lot of other programming languages as well.
The sample output above is produced by this statement using printf syntax:

print ’At t=Yg s, the height of the ball is %.2f m.’ % (t, y)

Let us explain this line in detail. The print statement prints a string: everything
that is enclosed in quotes (either single: ?, or double: ") denotes a string in Python.
The string above is formatted using printf syntax. This means that the string has
various “slots”, starting with a percentage sign, here %g and %.2f. where variables
in the program can be put in. We have two “slots” in the present case, and conse-
quently two variables must be put into the slots. The relevant syntax is to list the
variables inside standard parentheses after the string, separated from the string by
a percentage sign. The first variable, t, goes into the first “slot”. This “slot” has
a format specification %g, where the percentage sign marks the slot and the follow-
ing character, g, is a format specification. The g format instructs the real number
to be written as compactly as possible. The next variable, y, goes into the second
“slot”. The format specification here is .2f, which means a real number written
with two digits after the decimal place. The £ in the .2f format stands for float,
a short form for floating-point number, which is the term used for a real number on
a computer.

For completeness we present the whole program, where text and numbers are
mixed in the output:

v0 =5

g = 9.81

t =0.6

¥ = vOxt - 0.5¥gxt*x*2

print ’At t=)ig s, the height of the ball is %.2f m.’ % (t, y)
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The program is found in the file ball_print1l.pyin the src/formulas folder of
the collection of programs associated with this book.

There are many more ways to specify formats. For example, e writes a number
in scientific notation, i.e., with a number between 1 and 10 followed by a power
of 10, as in 1.2432-107>. On a computer such a number is written in the form
1.2432e-03. Capital E in the exponent is also possible, just replace e by E, with
the result 1.2432E-03.

For decimal notation we use the letter £, as in %f, and the output number
then appears with digits before and/or after a comma, e.g., 0.0012432 instead of
1.2432E-03. With the g format, the output will use scientific notation for large
or small numbers and decimal notation otherwise. This format is normally what
gives most compact output of a real number. A lower case g leads to lower case e
in scientific notation, while upper case G implies E instead of e in the exponent.

One can also specify the format as 10.4f or 14. 6E, meaning in the first case that
a float is written in decimal notation with four decimals in a field of width equal to
10 characters, and in the second case a float written in scientific notation with six
decimals in a field of width 14 characters.

Here is a list of some important printf format specifications (the program
printf_demo.py exemplifies many of the constructions):

Format Meaning

hs a string

%d an integer

%0xd an integer in a field of with x, padded with leading zeros
Wt decimal notation with six decimals

he compact scientific notation, e in the exponent
%E compact scientific notation, E in the exponent
%g compact decimal or scientific notation (with e)
%G compact decimal or scientific notation (with E)
%hxz format z right-adjusted in a field of width x
h-xz format z left-adjusted in a field of width x
%.y2 format z with y decimals

hx.yz format z with y decimals in a field of width x
% the percentage sign % itself

For a complete specification of the possible printf-style format strings, follow
the link from the item printf-style formatting in the index” of the Python Standard
Library online documentation.

We may try out some formats by writing more numbers to the screen in our
program (the corresponding file is ball_print2.py):

v0 =5

g = 9.81

t =0.6

y = vO*t — 0.5*g*t**x2

2 http://docs.python.org/2/genindex. html
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Prlnt mmnn

At t=Yf s, a ball with

initial velocity v0=%.3E m/s

is located at the height %.2f m.
" '/" (t, VO, Y)

Observe here that we use a triple-quoted string, recognized by starting and ending
with three single or double quotes: *’? or """. Triple-quoted strings are used for
text that spans several lines.

In the print statement above, we print t in the £ format, which by default
implies six decimals; vO is written in the . 3E format, which implies three decimals
and the number spans as narrow field as possible; and y is written with two decimals
in decimal notation in as narrow field as possible. The output becomes

Terminal> python ball_print2.py

At t=0.600000 s, a ball with
initial velocity v0=5.000E+00 m/s
is located at the height 1.23 m.

You should look at each number in the output and check the formatting in detail.

Format string syntax Python offers all the functionality of the printf format and
much more through a different syntax, often known as format string syntax. Let
us illustrate this syntax on the one-line output previously used to show the printf
construction. The corresponding format string syntax reads

print ’At t={t:g} s, the height of the ball is {y:.2f} m.’.format(
t=t, y=y)

The “slots” where variables are inserted are now recognized by curly braces rather
than a percentage sign. The name of the variable is listed with an optional colon
and format specifier of the same kind as was used for the printf format. The various
variables and their values must be listed at the end as shown. This time the “slots”
have names so the sequence of variables is not important.

The multi-line example is written as follows in this alternative format:

print """

At t={t:f} s, a ball with

initial velocity v0={v0:.3E} m/s
is located at the height {y:.2f} m.
" format(t=t, v0=v0, y=y)

The newline character We often want a computer program to write out text that
spans several lines. In the last example we obtained such output by triple-quoted
strings. We could also use ordinary single-quoted strings and a special character
for indicating where line breaks should occur. This special character reads \n, i.e.,
a backslash followed by the letter n. The two print statements
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print """y(t) is
the position of
our ball."""

print ’y(t) is\nthe position of\nour ball’

result in identical output:

y(t) is
the position of
our ball.

1.2 Computer Science Glossary

[t is now time to pick up some important words that programmers use when they talk
about programming: algorithm, application, assignment, blanks (whitespace), bug,
code, code segment, code snippet, debug, debugging, execute, executable, imple-
ment, implementation, input, library, operating system, output, statement, syntax,
user, verify, and verification. These words are frequently used in English in lots of
contexts, yet they have a precise meaning in computer science.

Program and code are interchangeable terms. A code/program segment is a col-
lection of consecutive statements from a program. Another term with similar mean-
ing is code snippet. Many also use the word application in the same meaning as
program and code. A related term is source code, which is the same as the text
that constitutes the program. You find the source code of a program in one or more
text files. (Note that text files normally have the extension .txt. while program
files have an extension related to the programming language, e.g., .py for Python
programs. The content of a . py file is, nevertheless, plain text as in a . txt file.)

We talk about running a program, or equivalently executing a program or exe-
cuting a file. The file we execute is the file in which the program text is stored. This
file is often called an executable or an application. The program text may appear
in many files, but the executable is just the single file that starts the whole program
when we run that file. Running a file can be done in several ways, for instance, by
double-clicking the file icon, by writing the filename in a terminal window, or by
giving the filename to some program. This latter technique is what we have used so
far in this book: we feed the filename to the program python. That is, we execute
a Python program by executing another program python, which interprets the text
in our Python program file.

The term library is widely used for a collection of generally useful program
pieces that can be applied in many different contexts. Having access to good li-
braries means that you do not need to program code snippets that others have
already programmed (most probable in a better way!). There are huge numbers
of Python libraries. In Python terminology, the libraries are composed of modules
and packages. Section 1.4 gives a first glimpse of the math module, which contains
a set of standard mathematical functions for sin x, cos x, In x, e*, sinh x, sin”! x,
etc. Later, you will meet many other useful modules. Packages are just collec-
tions of modules. The standard Python distribution comes with a large number of
modules and packages, but you can download many more from the Internet, see
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in particular www . python. org/pypi. Very often, when you encounter a program-
ming task that is likely to occur in many other contexts, you can find a Python
module where the job is already done. To mention just one example, say you need
to compute how many days there are between two dates. This is a non-trivial task
that lots of other programmers must have faced, so it is not a big surprise that Python
comes with a module datetime to do calculations with dates.

The recipe for what the computer is supposed to do in a program is called algo-
rithm. In the examples in the first couple of chapters in this book, the algorithms
are so simple that we can hardly distinguish them from the program text itself, but
later in the book we will carefully set up an algorithm before attempting to imple-
ment it in a program. This is useful when the algorithm is much more compact than
the resulting program code. The algorithm in the current example consists of three
steps:

e initialize the variables vy, g, and ¢ with numerical values,
e evaluate y according to the formula (1.1),
e print the y value to the screen.

The Python program is very close to this text, but some less experienced program-
mers may want to write the tasks in English before translating them to Python.

The implementation of an algorithm is the process of writing and testing a pro-
gram. The testing phase is also known as verification: After the program text is
written we need to verify that the program works correctly. This is a very important
step that will receive substantial attention in the present book. Mathematical soft-
ware produce numbers, and it is normally quite a challenging task to verify that the
numbers are correct.

An error in a program is known as a bug, and the process of locating and re-
moving bugs is called debugging. Many look at debugging as the most difficult and
challenging part of computer programming. We have in fact devoted Appendix F to
the art of debugging in this book. The origin of the strange terms bug and debugging
can be found in Wikipedia®.

Programs are built of statements. There are many types of statements:

v0 = 3

is an assignment statement, while

print y

is a print statement. It is common to have one statement on each line, but it is
possible to write multiple statements on one line if the statements are separated by
semi-colon. Here is an example:

v0 = 3; g =9.81; t =0.6
y = vO*t - 0.5*g*t**2
print y

3 http://en.wikipedia.org/wiki/Software_bug#Etymology
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Although most newcomers to computer programming will think they under-
stand the meaning of the lines in the above program, it is important to be aware
of some major differences between notation in a computer program and notation
in mathematics. When you see the equality sign = in mathematics, it has a certain
interpretation as an equation (x 42 = 5) or a definition ( f(x) = x>+ 1). In a com-
puter program, however, the equality sign has a quite different meaning, and it is
called an assignment. The right-hand side of an assignment contains an expression,
which is a combination of values, variables, and operators. When the expression is
evaluated, it results in a value that the variable on the left-hand side will refer to.
We often say that the right-hand side value is assigned to the variable on the left-
hand side. In the current context it means that we in the first line assign the number
3 to the variable v0, 9.81 to g, and 0.6 to t. In the next line, the right-hand side
expression vOxt - 0.5*gxt#**2 is first evaluated, and the result is then assigned
to the y variable.

Consider the assignment statement

y=y+3

This statement is mathematically false, but in a program it just means that we evalu-
ate the right-hand side expression and assign its value to the variable y. That is, we
first take the current value of y and add 3. The value of this operation is assigned to
y. The old value of y is then lost.

You may think of the = as an arrow, y <- y+3, rather than an equality sign, to
illustrate that the value to the right of the arrow is stored in the variable to the left of
the arrow. In fact, the R programming language for statistical computing actually
applies an arrow, many old languages (like Algol, Simula, and Pascal) used := to
explicitly state that we are not dealing with a mathematical equality.

An example will illustrate the principle of assignment to a variable:

y=3
print y
y=y+4
print y
Yy = y*y
print y

Running this program results in three numbers: 3, 7, 49. Go through the program
and convince yourself that you understand what the result of each statement be-
comes.

A computer program must have correct synfax, meaning that the text in the
program must follow the strict rules of the computer language for constructing state-
ments. For example, the syntax of the print statement is the word print, followed
by one or more spaces, followed by an expression of what we want to print (a Python
variable, text enclosed in quotes, a number, for instance). Computers are very picky
about syntax! For instance, a human having read all the previous pages may easily
understand what this program does,
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myvar = 5.2
prinnt Myvar

but the computer will find two errors in the last line: prinnt is an unknown instruc-
tion and Myvar is an undefined variable. Only the first error is reported (a syntax
error), because Python stops the program once an error is found. All errors that
Python finds are easy to remove. The difficulty with programming is to remove the
rest of the errors, such as errors in formulas or the sequence of operations.

Blanks may or may not be important in Python programs. In Sect. 2.1.2 you will
see that blanks are in some occasions essential for a correct program. Around =
or arithmetic operators, however, blanks do not matter. We could hence write our
program from Sect. 1.1.7 as

v0=3;g=9.81;t=0.6;y=v0*t-0.5xg*t**2;print y

This is not a good idea because blanks are essential for easy reading of a program
code, and easy reading is essential for finding errors, and finding errors is the diffi-
cult part of programming. The recommended layout in Python programs specifies
one blank around =, +, and -, and no blanks around *, /, and **. Note that the
blank after print is essential: print is a command in Python and printy is not
recognized as any valid command. (Python will complain that printy is an unde-
fined variable.) Computer scientists often use the term whitespace when referring
to a blank. (To be more precise, blank is the character produced by the space bar
on the keyboard, while whitespace denotes any character(s) that, if printed, do not
print ink on the paper: a blank, a tabulator character (produced by backslash fol-
lowed by t), or a newline character (produced by backslash followed by n). (The
newline character is explained in Sect. 1.1.11.)

When we interact with computer programs, we usually provide some informa-
tion to the program and get some information out. It is common to use the term
input data, or just input, for the information that must be known on beforehand.
The result from a program is similarly referred to as output data, or just output. In
our example, vy, g, and ¢ constitute input, while y is output. All input data must be
assigned values in the program before the output can be computed. Input data can
be explicitly initialized in the program, as we do in the present example, or the data
can be provided by the user through keyboard typing while the program is running
(see Chap. 4). Output data can be printed in the terminal window, as in the current
example, displayed as graphics on the screen, as done in Sect. 5.3, or stored in a file
for later access, as explained in Sect. 4.6.

The word user usually has a special meaning in computer science: It means a hu-
man interacting with a program. You are a user of a text editor for writing Python
programs, and you are a user of your own programs. When you write programs, it is
difficult to imagine how other users will interact with the program. Maybe they pro-
vide wrong input or misinterpret the output. Making user-friendly programs is very
challenging and depends heavily on the target audience of users. The author had
the average reader of the book in mind as a typical user when developing programs
for this book.
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A central part of a computer is the operating system. This is actually a collection
of programs that manages the hardware and software resources on the computer.
There are three dominating operating systems today on computers: Windows, Mac
OS X, and Linux. In addition, we have Android and 10S for handheld devices. Sev-
eral versions of Windows have appeared since the 1990s: Windows 95, 98, 2000,
ME, XP, Vista, Windows 7, and Windows 8. Unix was invented already in 1970 and
comes in many different versions. Nowadays, two open source implementations of
Unix, Linux and Free BSD Unix, are most common. The latter forms the core of the
Mac OS X operating system on Macintosh machines, while Linux exists in slightly
different flavors: Red Hat, Debian, Ubuntu, and OpenSuse to mention the most im-
portant distributions. We will use the term Unix in this book as a synonym for all
the operating systems that inherit from classical Unix, such as Solaris, Free BSD,
Mac OS X, and any Linux variant. As a computer user and reader of this book, you
should know exactly what operating system you have.

The user’s interaction with the operation system is through a set of programs.
The most widely used of these enable viewing the contents of folders or starting
other programs. To interact with the operating system, as a user, you can either
issue commands in a terminal window or use graphical programs. For example, for
viewing the file contents of a folder you can run the command 1s in a Unix terminal
window or dir in a DOS (Windows) terminal window. The graphical alternatives
are many, some of the most common are Windows Explorer on Windows, Nautilus
and Konqueror on Unix, and Finder on Mac. To start a program, it is common to
double-click on a file icon or write the program’s name in a terminal window.

1.3 Another Formula: Celsius-Fahrenheit Conversion

Our next example involves the formula for converting temperature measured in Cel-
sius degrees to the corresponding value in Fahrenheit degrees:

9
F:§C+32 (1.3)

In this formula, C is the amount of degrees in Celsius, and F is the corresponding
temperature measured in Fahrenheit. Our goal now is to write a computer program
that can compute F from (1.3) when C is known.

1.3.1 Potential Error: Integer Division

Straightforward coding of the formula A straightforward attempt at coding the
formula (1.3) goes as follows:

Cc=21
i (9/5)*C + 32
print F
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The parentheses around 9/5 are not strictly needed, i.e., (9/5)*C is computation-
ally identical to 9/5%C, but parentheses remove any doubt that 9/5*C could mean
9/ (5%C). Section 1.3.4 has more information on this topic.

When run under Python version 2.x, the program prints the value 53. You can
find the program in the file c2f_v1.py in the src/formulas folder in the folder
tree of example programs from this book (downloaded from http://hplgit.github.
com/scipro-primer). The v1 part of the name stands for version I. Throughout
this book, we will often develop several trial versions of a program, but remove the
version number in the final version of the program.

Verifying the results Testing the correctness is easy in this case since we can eval-
vate the formula on a calculator: g -21 4+ 32 1s 69.8, not 53. What is wrong? The
formula in the program looks correct!

Float and integer division The error in our program above is one of the most
common errors in mathematical software and is not at all obvious for a newcomer to
programming. In many computer languages, there are two types of divisions: float
division and integer division. Float division is what you know from mathematics:
9/5 becomes 1.8 in decimal notation.

Integer division a /b with integers (whole numbers) @ and b results in an integer
that is truncated (or mathematically, rounded down). More precisely, the result is
the largest integer ¢ such that bc < a. This implies that 9/5 becomes 1 since
1-5 =25 <9while 2.5 = 10 > 9. Another example is 1/5, which becomes 0 since
0-5 < 1(and 1-5 > 1). Yet another example is 16/6, which results in 2 (try 2-6 and
3 - 6 to convince yourself). Many computer languages, including Fortran, C, C++,
Java, and Python version 2, interpret a division operation a/b as integer division
if both operands a and b are integers. If either a or b is a real (floating-point)
number, a/b implies the standard mathematical float division. Other languages,
such as MATLAB and Python version 3, interprets a/b as float division even if
both operands are integers, or complex division if one of the operands is a complex
number.

The problem with our program is the coding of the formula (9/5)*C + 32.
This formula is evaluated as follows. First, 9/5 is calculated. Since 9 and 5 are
interpreted by Python as integers (whole numbers), 9/5 is a division between two
integers, and Python version 2 chooses by default integer division, which results in
1. Then 1 is multiplied by C, which equals 21, resulting in 21. Finally, 21 and 32
are added with 53 as result.

We shall very soon present a correct version of the temperature conversion pro-
gram, but first it may be advantageous to introduce a frequently used term in Python
programming: object.

1.3.2 Objects in Python

When we write

C=21
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Python interprets the number 21 on the right-hand side of the assignment as an
integer and creates an int (for integer) object holding the value 21. The variable
C acts as a name for this int object. Similarly, if we write C = 21.0, Python
recognizes 21 .0 as a real number and therefore creates a f1oat (for floating-point)
object holding the value 21.0 and lets C be a name for this object. In fact, any
assignment statement has the form of a variable name on the left-hand side and
an object on the right-hand side. One may say that Python programming is about
solving a problem by defining and changing objects.

At this stage, you do not need to know what an object really is, just think of
an int object as a collection, say a storage box, with some information about an
integer number. This information is stored somewhere in the computer’s memory,
and with the name C the program gets access to this information. The fundamental
issue right now is that 21 and 21.0 are identical numbers in mathematics, while in
a Python program 21 gives rise to an int object and 21.0 to a f1oat object.

There are lots of different object types in Python, and you will later learn how to
create your own customized objects. Some objects contain a lot of data, not just an
integer or a real number. For example, when we write

print ’A text with an integer %d and a float Jf’ % (2, 2.0)

a str (string) object, without a name, is first made of the text between the quotes
and then this str object is printed. We can alternatively do this in two steps:

s = ’A text with an integer %d and a float %f’ % (2, 2.0)
print s

1.3.3 Avoiding Integer Division

As a quite general rule of thumb, one should be careful to avoid integer division
when programming mathematical formulas. In the rare cases when a mathematical
algorithm does make use of integer division, one should use a double forward slash,
//, as division operator, because this is Python’s way of explicitly indicating integer
division.

Python version 3 has no problem with unintended integer division, so the prob-
lem only arises with Python version 2 (and many other common languages for
scientific computing). There are several ways to avoid integer division with the
plain / operator. The simplest remedy in Python version 2 is to write

from __future__ import division

This import statement must be present in the beginning of every file where the /
operator always shall imply float division. Alternatively, one can run a Python
program someprogram. py from the command line with the argument -Qnew to the
Python interpreter:

Terminal> python -(Qnew someprogram.py
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A more widely applicable method, also in other programming languages than
Python version 2, is to enforce one of the operands to be a £loat object. In the
current example, there are several ways to do this:

F = (9.0/5)*C + 32
F = (9/5.0)*C + 32
F = float(C)*9/5 + 32

In the first two lines, one of the operands is written as a decimal number, implying
a float object and hence float division. In the last line, float (C) *9 means float
times int, which results in a f1loat object, and float division is guaranteed.

A related construction,

F = float(C)*(9/5) + 32

does not work correctly, because 9/5 is evaluated by integer division, yielding 1,
before being multiplied by a float representation of C (see next section for how
compound arithmetic operations are calculated). In other words, the formula reads
F=C+32, which is wrong.

We now understand why the first version of the program does not work and what
the remedy is. A correct program is

c=21
F = (9.0/8)*C + 32
print F

Instead of 9.0 we may just write 9. (the dot implies a £1oat interpretation of the
number). The program is available in the file c2f.py. Try to run it — and observe
that the output becomes 69.8, which is correct.

Locating potential integer division Running a Python program with the
-Qwarnall argument, say

Terminal> python -Qwarnall someprogram.py

will print out a warning every time an integer division expression is encountered in
Python version 2.

Remark We could easily have run into problems in our very first programs if we
instead of writing the formula 1% as 0.5*g*t**2 wrote (1/2)*g*t**2. This
term would then always be zero!
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1.3.4 Arithmetic Operators and Precedence

Formulas in Python programs are usually evaluated in the same way as we would
evaluate them mathematically. Python proceeds from left to right, term by term in
an expression (terms are separated by plus or minus). In each term, power opera-
tions such as a”, coded as a**b, has precedence over multiplication and division.
As in mathematics, we can use parentheses to dictate the way a formula is evaluated.
Below are two illustrations of these principles.

e 5/9+2*ax*4/2: First 5/9 is evaluated (as integer division, giving 0 as result),
then a* (a**4) is evaluated, then 2 is multiplied with a*, that result is divided by
2. and the answer is added to the result of the first term. The answer is therefore
a*x*4,

e 5/(9+2)*a*x(4/2): First g’ﬁ is evaluated (as integer division, yielding 0), then
4/2 is computed (as integer division, yielding 2), then a**2 is calculated, and that

number is multiplied by the result of 5/ (9+2). The answer is thus always zero.

As evident from these two examples, it is easy to unintentionally get integer division
in formulas. Although integer division can be turned off in Python, we think it is
important to be strongly aware of the integer division concept and to develop good
programming habits to avoid it. The reason is that this concept appears in so many
common computer languages that it is better to learn as early as possible how to deal
with the problem rather than using a Python-specific feature to remove the problem.

1.4 Evaluating Standard Mathematical Functions

Mathematical formulas frequently involve functions such as sin, cos, tan, sinh, cosh,
exp, log, etc. On a pocket calculator you have special buttons for such functions.
Similarly, in a program you also have ready-made functionality for evaluating these
types of mathematical functions. One could in principle write one’s own program
for evaluating, e.g.. the sin(x) function, but how to do this in an efficient way is
a non-trivial topic. Experts have worked on this problem for decades and imple-
mented their best recipes in pieces of software that we should reuse. This section
tells you how to reach sin, cos, and similar functions in a Python context.

1.4.1 Example: Using the Square Root Function

Problem Consider the formula for the height y of a ball in vertical motion, with
initial upward velocity vp:

L
Ye = Vol — ng ;

where g is the acceleration of gravity and ¢ is time. We now ask the question:
How long time does it take for the ball to reach the height y.,? The answer is
straightforward to derive. When y = y. we have

1 2
Ye = Vol — Eg! .
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We recognize that this equation is a quadratic equation, which we must solve with
respect to . Rearranging,

I >
Eé"’f —vol + y. =0,

and using the well-known formula for the two solutions of a quadratic equation, we

find
fH = (vo— Vv —2gyc) /g L= (vu + v§—2gyc) /g. (1.4)

There are two solutions because the ball reaches the height y. onits way up (t = 1;)
and on its way down (f = 12 > f1).

The program To evaluate the expressions for ¢, and 7, from (1.4) in a computer
program, we need access to the square root function. In Python, the square root
function and lots of other mathematical functions, such as sin, cos, sinh, exp, and
log, are available in a module called math. We must first import the module be-
fore we can use it, that is, we must write import math. Thereafter, to take the
square root of a variable a, we can write math.sqrt(a). This is demonstrated in
a program for computing f; and #5:

v0 = 5
g = 9.81
yc = 0.2

import math

t1 = (vO - math.sqrt(vO**2 - 2*g*yc))/g

t2 = (vO + math.sqrt(vO**2 - 2xgxyc))/g

print ’At t=)g s and %g s, the height is %g m.’ % (t1, t2, yc)

The output from this program becomes

At t=0.0417064 s and 0.977662 s, the height is 0.2 m.

You can find the program as the file ball_yc.py in the src/formulas folder.

Two ways of importing a module The standard way to import a module, say
math, is to write

import math

and then access individual functions in the module with the module name as prefix
as in

x = math.sqrt(y)

People working with mathematical functions often find math.sqrt (y) less pleas-
ing than just sqrt (y). Fortunately, there is an alternative import syntax that allows
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us to skip the module name prefix. This alternative syntax has the form from
module import function. A specific example is

from math import sqrt

Now we can work with sqrt directly, without the math. prefix. More than one
function can be imported:

from math import sqrt, exp, log, sin

Sometimes one just writes

from math import *

to import all functions in the math module. This includes sin, cos, tan, asin,
acos, atan, sinh, cosh, tanh, exp, log (base ¢), logl0 (base 10), sqrt, as
well as the famous numbers e and pi. Importing all functions from a module,
using the asterisk (*) syntax, is convenient, but this may result in a lot of extra
names in the program that are not used. It is in general recommended not to import
more functions than those that are really used in the program. Nevertheless, the
convenience of the compact from math import * syntax occasionally wins over
the general recommendation among practitioners — and in this book.

With a from math import sqrt statement we can write the formulas for the
roots in a more pleasing way:

t1 = (v0 - sqrt(v0**2 - 2*gxyc))/g
t2 = (vO + sqrt(vO**2 - 2*gxyc))/g

Import with new names Imported modules and functions can be given new names
in the import statement, e.g.,

import math as m
# m is now the name of the math module
v = m.sin(m.pi)

from math import log as 1ln
v = 1n(5)

from math import sin as s, cos as c, log as ln
v = s(x)*c(x) + 1n(x)

In Python, everything is an object, and variables refer to objects, so new variables
may refer to modules and functions as well as numbers and strings. The examples
above on new names can also be coded by introducing new variables explicitly:

m = math
In = m.log
8 = m.sin

C = m.Ccos
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1.4.2 Example: Computing with sinh x

Our next examples involve calling some more mathematical functions from the
math module. We look at the definition of the sinh(x) function:

sinh(x) = %(e"' —e ). (1.5)

We can evaluate sinh(x) in three ways: i) by calling math.sinh, ii) by computing
the right-hand side of (1.5), using math.exp, or iii) by computing the right-hand
side of (1.5) with the aid of the power expressions math.e**x and math.e**(-x).
A program doing these three alternative calculations is found in the file 3sinh.py.
The core of the program looks like this:

from math import sinh, exp, e, pi
X = 2%pi

rl = sinh(x)

r2 = 0.5%(exp(x) - exp(-x))

3 = 0.6*%(e**x - exx(-x))

print rl1, r2, r3

The output from the program shows that all three computations give identical re-
sults:

267.744894041 267.744894041 267.744894041

1.4.3 AFirst Glimpse of Rounding Errors

The previous example computes a function in three different yet mathematically
equivalent ways, and the output from the print statement shows that the three
resulting numbers are equal. Nevertheless, this is not the whole story. Let us try to
print out r1, r2, r3 with 16 decimals:

print ’%.16f %.16f %.16f’ % (r1,r2,r3)

This statement leads to the output

267.7448940410164369 267.7448940410164369 267.7448940410163232

Now r1 and r2 are equal, but r3 is different! Why is this so?

Our program computes with real numbers, and real numbers need in general an
infinite number of decimals to be represented exactly. The computer truncates the
sequence of decimals because the storage is finite. In fact, it is quite standard to
keep only 17 digits in a real number on a computer. Exactly how this truncation is
done is not explained in this book, but you read more on Wikipedia*. For now the

 http://en.wikipedia.org/wiki/Floating_point_number
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purpose is to notify the reader that real numbers on a computer often have a small
error. Only a few real numbers can be represented exactly, the rest of the real
numbers are only approximations.

For this reason, most arithmetic operations involve inaccurate real numbers, re-
sulting in inaccurate calculations. Think of the following two calculations: 1/49-49
and 1/51 - 51. Both expressions are identical to 1, but when we perform the calcu-
lations in Python,

print ’%.16f %.16f° } (1/49.0%49, 1/51.0%51)

the result becomes

0.9999999999999999 1.0000000000000000

The reason why we do not get exactly 1.0 as answer in the first case is because 1/49
is not correctly represented in the computer. Also 1/51 has an inexact representa-
tion, but the error does not propagate to the final answer.

To summarize, errors in floating-point numbers may propagate through mathe-
matical calculations and result in answers that are only approximations to the exact
underlying mathematical values. The errors in the answers are commonly known as
rounding errors. As soon as you use Python interactively as explained in the next
section, you will encounter rounding errors quite often.

Python has a special module decimal and the SymPy package has an alternative
module mpmath, which allow real numbers to be represented with adjustable accu-
racy so that rounding errors can be made as small as desired (an example appears
at the end of Sect. 3.1.12). However, we will hardly use such modules because ap-
proximations implied by many mathematical methods applied throughout this book
normally lead to (much) larger errors than those caused by rounding.

1.5 Interactive Computing

A particular convenient feature of Python is the ability to execute statements and
evaluate expressions interactively. The environments where you work interactively
with programming are commonly known as Python shells. The simplest Python
shell is invoked by just typing python at the command line in a terminal window.
Some messages about Python are written out together with a prompt >>>, after
which you can issue commands. Let us try to use the interactive shell as a calculator.
Type in 3*4.5-0.5 and then press the Return key to see Python’s response to this
expression:

Terminal> python

Python 2.7.5+ (default, Sep 19 2013, 13:48:49)

[GCC 4.8.1] on linux2

Type "help", "copyright", "credits" or "license" for more informationm.
>>> 3*4.5-0.5

13.0
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The text on a line after >>> is what we write (shell input) and the text without
the >>> prompt is the result that Python calculates (shell output). It is easy, as
explained below, to recover previous input and edit the text. This editing feature
makes it convenient to experiment with statements and expressions.

1.5.1 Using the Python Shell

The program from Sect. 1.1.7 can be typed in line by line in the interactive shell:

>»> y0 =5
>>> g = 9.81
>>> t = 0.6

>>> y = v0*t — 0.5%grt**2
>>> print y
1.2342

We can now easily calculate an y value corresponding to another (say) vO value: hit
the up arrow key to recover previous statements, repeat pressing this key until the
v0 = b statement is displayed. You can then edit the line, e.g., to

>>> vl =6

Press return to execute this statement. You can control the new value of v0 by either
typing just vO or print vO:

>>> v0

6

>>> print vO
6

The next step is to recompute y with this new vO value. Hit the up arrow key
multiple times to recover the statement where y is assigned, press the Return key,
and write y or print y to see the result of the computation:

>>> y = vOxt = O.5xgxtxx2
>>> y

1.8341999999999996

>>> print y

1.8342

The reason why we get two slightly different results is that typing just y prints out
all the decimals that are stored in the computer (16), while print y writes out y
with fewer decimals. As mentioned in Sect. 1.4.3 computations on a computer often
suffer from rounding errors. The present calculation is no exception. The correct
answer is 1.8342, but rounding errors lead to a number that is incorrect in the 16th
decimal. The error is here 4 - 1071,
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1.5.2 Type Conversion

Often you can work with variables in Python without bothering about the type of
objects these variables refer to. Nevertheless, we encountered a serious problem in
Sect. 1.3.1 with integer division, which forced us to be careful about the types of
objects in a calculation. The interactive shell is very useful for exploring types. The
following example illustrates the type function and how we can convert an object
from one type to another.

First, we create an int object bound to the name C and check its type by calling
type(C):

>>> C =21
>>> type(C)
<type ’int’>

We convert this int object to a corresponding float object:

>>> C = float(C) # type conversion
>>> type(C)

<type ’float’>

>>> C

21.0

In the statement C = float(C) we create a new object from the original object
referred to by the name C and bind it to the same name C. That is, C refers to
a different object after the statement than before. The original int with value 21
cannot be reached anymore (since we have no name for it) and will be automatically
deleted by Python.

We may also do the reverse operation, i.e., convert a particular float object to
a corresponding int object:

>>> C = 20.9
>>> type(C)
<type ’float’>

>>> D = int(C) # type conversion

>>> type(D)

<type ’int’>

>>> D

20 # decimals are truncated :-/

In general, one can convert a variable v to type MyType by writing v=MyType (v),
if it makes sense to do the conversion.

In the last input we tried to converta float to an int, and this operation implied
stripping off the decimals. Correct conversion according to mathematical rounding
rules can be achieved with help of the round function:

>>> round(20.9)

21.0

>>> int(round(20.9))
21
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1.5.3 IPython

There exist several improvements of the standard Python shell presented in
Sect. 1.5. The author advocates IPython as the preferred interactive shell. You
will then need to have IPython installed. Typing ipython in a terminal window
starts the shell. The (default) prompt in IPython is not >>> but In [X]:, where
X is the number of the present input command. The most widely used features of
[Python are summarized below.

Running programs Python programs can be run from within the shell:

In [1]: run ball2.py
1.2342

This command requires that you have taken a cd to the folder where the ball2.py
program is located and started IPython from there.

On Windows you may, as an alternative to starting IPython from a DOS or Pow-
erShell window, double click on the IPython desktop icon or use the Start menu. In
that case, you must move to the right folder where your program is located. This
is done by the os. chdir (change directory) command. Typically, you write some-
thing like

In [1]: import os
In [2]: os.chdir(r’C:\Documents and Settings\me\My Documents\div’)
In [3]: run ball2.py

if the ball2. py program is located in the folder div under My Documents of user
me. Note the r before the quote in the string: it is required to let a backslash
really mean the backslash character. If you end up typing the os. chdir command
every time you enter an IPython shell, this command (and others) can be placed in
a startup file such that they are automatically executed when you launch IPython.

Inside IPython you can invoke any operating system command. This allows us
to navigate to the right folder above using Unix or Windows (cd) rather than Python
(os.chdir):

In [1]: cd C:\Documents and Settings\me\My Documents\div
In [3]: run ball2.py

We recommend running all your Python programs from the IPython shell. Es-
pecially when something goes wrong, IPython can help you to examine the state of
variables so that you become quicker to locate bugs.

Typesetting convention for executing Python programs
In the rest of the book, we just write the program name and the output when we
illustrate the execution of a program:

ball2.py
1.2342
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You then need to write run before the program name if you execute the program
in IPython, or if you prefer to run the program directly in a terminal window,
you need to write python prior to the program name. Appendix H.5 describes
various other ways to run a Python program.

Quick recovery of previous output The results of the previous statements in an
interactive IPython session are available in variables of the form _iX (underscore, i,
and a number X), where X is | for the last statement, 2 for the second last statement,
and so forth. Short forms are _ for _i1, __ for _i2, and for _i3. The output
from the In [1] input above is 1.2342. We can now refer to this number by an
underscore and, e.g., multiply it by 10:

In [2]: _#*10
Dut[2]: 12.341999999999999

Output from Python statements or expressions in IPython are preceded by Out [X]
where X is the command number corresponding to the previous In [X] prompt.
When programs are executed, as with the run command, or when operating system
commands are run (as shown below), the output is from the operating system and
then not preceded by any Out [X] label.

The command history from previous IPython sessions is available in a new ses-
sion. This feature makes it easy to modify work from a previous session by just
hitting the up-arrow to recall commands and edit them as necessary.

Tab completion Pressing the TAB key will complete an incompletely typed vari-
able name. For example, after defining my_long_variable_name = 4, write just
my at the In [4] : prompt below, and then hit the TAB key. You will experience
that my is immediately expanded to my_long_variable_name. This automatic ex-
pansion feature is called TAB completion and can save you from quite some typing.

In [3]: my_long_variable_name = 4

In [4]: my_long_variable_name
Out[4]: 4

Recovering previous commands You can walk through the command history by
typing Ctrl+p or the up arrow for going backward or Ctrl+n or the down arrow
for going forward. Any command you hit can be edited and re-executed. Also
commands from previous interactive sessions are stored in the command history.

Running Unix/Windows commands Operating system commands can be run
from IPython. Below we run the three Unix commands date, 1s (list files), mkdir
(make directory), and cd (change directory):

In [5]: date
Thu Nov 18 11:06:16 CET 2010

In [6]: 1s
myfile.py yourprog.py
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In [7]: mkdir mytestdir

In [8]: cd mytestdir

If you have defined Python variables with the same name as operating system com-
mands, e.g., date=30, you must write !date to run the corresponding operating
system command.

IPython can do much more than what is shown here, but the advanced features
and the documentation of them probably do not make sense before you are more
experienced with Python — and with reading manuals.

Typesetting of interactive shells in this book

In the rest of the book we will apply the >>> prompt in interactive sessions
instead of the input and output prompts as used by default by IPython, simply
because most Python books and electronic manuals use >>> to mark input in
interactive shells. However, when you sit by the computer and want to use an
interactive shell, we recommend using IPython, and then you will see the In
[X] prompt instead of >>>,

Notebooks A particularly interesting feature of IPython is the notebook, which
allows you to record and replay exploratory interactive sessions with a mix of text,
mathematics, Python code, and graphics. See Sect. H.4 for a quick introduction to
IPython notebooks.

1.6 Complex Numbers

Suppose x> = 2. Then most of us are able to find out that x = V2 is a solution
to the equation. The more mathematically interested reader will also remark that
X = —ﬁ is another solution. But faced with the equation x2=-2, very few are
able to find a proper solution without any previous knowledge of complex numbers.
Such numbers have many applications in science, and it is therefore important to be
able to use such numbers in our programs.

On the following pages we extend the previous material on computing with real
numbers to complex numbers. The text is optional, and readers without knowledge
of complex numbers can safely drop this section and jump to Sect. 1.8,

A complex number is a pair of real numbers @ and b, most often written as a + bi,
ora + ih, where i is called the imaginary unit and acts as a label for the second
term. Mathematically, i = v—1. An important feature of complex numbers is
definitely the ability to compute square roots of negative numbers. For example,
V=2 = 2 (i.e., \/5«/—_1) The solutions of x2 = —2 are thus x| = ++/2i and
Xy = *ﬁl

There are rules for addition, subtraction, multiplication, and division between
two complex numbers. There are also rules for raising a complex number to a real
power, as well as rules for computing sinz, cosz, tanz, e°, Inz, sinhz, coshz,
tanh z, etc. for a complex number z = a + ih. We assume in the following that
you are familiar with the mathematics of complex numbers, at least to the degree
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encountered in the program examples.

letu =a+biandv =c + di

The following rules reflect complex arithmetics:

1.6.1

= = a=c, b=d

—a — bi

a —bi (complex conjugate)
=(a+c)+ (b +d)
=(a—c)+(b—-d)i
= (ac — bd) + (bc +ad)i
ac+bd bc—ad .

+ i
c2+d?  c2+d?

— ,‘a2+b2

=cosq +ising

Complex Arithmetics in Python

Python supports computation with complex numbers. The imaginary unit is written
as j in Python, instead of i as in mathematics. A complex number 2—3i is therefore
expressed as (2-33) in Python. We remark that the number 7 is written as 13, not
just j. Below is a sample session involving definition of complex numbers and

some simple arithmetics:

>>>u = 2.5+ 3j
>>> v = 2

> w=u+v
>>> W

(4.5+33)

>>> a = =2

>>> b = 0.5

>>> s = a + b*lj
>>> s = complex(a, b)
>>> s

(-2+0.53)

>>> s¥w
(-10.56-3.753)
>>> s/w

HH

#

#

#

create a complex number
this is an int
complex + int

create a complex number from two floats
alternative creation

complex*complex

complex/complex

(-0.25641025641025639+0.28205128205128205j)

A complex object s has functionality for extracting the real and imaginary parts as
well as computing the complex conjugate:
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>>> s.real
=21.(1)
>>> s.imag

0.5

>>> s.conjugate()
(-2-0.5j)

1.6.2 Complex Functions in Python

Taking the sine of a complex number does not work:

>>> from math import sin

>>> r = sin(w)

Traceback (most recent call last):
File "<input>", line 1, in 7

TypeError: can’t convert complex to float; use abs(z)

The reason is that the sin function from the math module only works with real
(float) arguments, not complex. A similar module, cmath, defines functions that
take a complex number as argument and return a complex number as result. As an
example of using the cmath module, we can demonstrate that the relation sin(ai) =
i sinh a holds:

>>>
>>>
>35>

from cmath import sin, sinh
rl = sin(8j)
rl

1490.47882578385502j

>>>
>>>

r2 = 1j*sinh(8)
r2

1490.4788257885502

Another relation, e’? = cosq + i sin g, is exemplified next:

>>>
>>>

(-0.

>>>

(-0.

1.6.3 Unified Treatment of Complex and Real Functions

q=28 # some arbitrary number
exp(1j#*q)
14550003380861354+0.989358246623381793)
cos(q) + 1j*sin(q)
14550003380861354+0.98935824662338179)

The cmath functions always return complex numbers. It would be nice to have
functions that return a float object if the result is a real number and a complex
object if the result is a complex number. The Numerical Python package has such
versions of the basic mathematical functions known from math and cmath. By
taking a

from numpy.lib.scimath import *
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one obtains access to these flexible versions of mathematical functions. The func-
tions also get imported by any of the statements

from scipy import =*
from scitools.std import *

A session will illustrate what we obtain. Let us first use the sqrt function in the
math module:

>>> from math import sqrt

>>> sqrt(4) # float

2.0

>>> sqrt(-1) # illegal

Traceback (most recent call last):
File "<input>", line 1, in ?

ValueError: math domain error

If we now import sqrt from cmath,

>>> from cmath import sqrt

the previous sqrt function is overwritten by the new one. More precisely, the name
sqrt was previously bound to a function sqrt from the math module, but is now
bound to another function sqrt from the cmath module. In this case, any square
root results in a complex object:

>>> sqrt(4) # complex
(2+03)

>>> sgrt(-1) # complex
13

If we now take
>>> from numpy.lib.scimath import *
we import (among other things) a new sqrt function. This function is slower than

the versions from math and cmath, but it has more flexibility since the returned
object is float if that is mathematically possible, otherwise a complex is returned:

>>> sqrt(4) # float
2.0

>>> sqrt(-1) # complex
1j

As a further illustration of the need for flexible treatment of both complex and
real numbers, we may code the formulas for the roots of a quadratic function
f(x) =ax*+bx +c:
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>>> a=1; b=2; c =100 # polynomial coefficients
>>> from numpy.lib.scimath import sqrt

>>> rl = (b + sqrt(b**2 - 4*a*c))/(2xa)
>>> r2 = (b - sqrt(b**2 - 4*a*c))/(2xa)
>>> ril

(-1+9.949874371073)

>>> r2

(-1-9.949874371073)

Using the up arrow, we may go back to the definitions of the coefficients and change
them so the roots become real numbers:

>>>a=1; b=4; c =1 # polynomial coefficients

Going back to the computations of r1 and r2 and performing them again, we get

>>> rl
-0.267949192431
>>> r2
-3.73205080757

That is, the two results are float objects. Had we applied sqrt from cmath, ri
and r2 would always be complex objects, while sqrt from the math module would
not handle the first (complex) case.

1.7 Symbolic Computing

Python has a package SymPy for doing symbolic computing, such as symbolic
(exact) integration, differentiation, equation solving, and expansion of Taylor se-
ries, to mention some common operations in mathematics. We shall here only give
a glimpse of SymPy in action with the purpose of drawing attention to this powerful
part of Python.

For interactive work with SymPy it is recommended to either use IPython or the
special, interactive shell isympy, which is installed along with SymPy itself.

Below we shall explicitly import each symbol we need from SymPy to empha-
size that the symbol comes from that package. For example, it will be important
to know whether sin means the sine function from the math module, aimed at real
numbers, or the special sine function from sympy, aimed at symbolic expressions.

1.7.1 Basic Differentiation and Integration

The following session shows how easy it is to differentiate a formula vyt — %gtz
with respect to ¢ and integrate the answer to get the formula back:
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>>> from sympy import (
symbols, # define symbols for symbolic math
diff, # differentiate expressions
integrate, # integrate expressions
Rational, # define rational numbers
lambdify, # turn symbolic expr. into Python functions
el )
>>> t, v0, g = symbols(’t v0 g’)
>>> y = y0*t - Rational(l,2)*g*tx*2
>>> dydt = diff(y, t)
>>> dydt
-g*xt + v0
>>> print ’acceleration:’, diff(y, t, t) # 2nd derivative
acceleration: -g
>>> y2 = integrate(dydt, t)
>>> y2
—g*t**2/2 + t*v0

Note here that t is a symbolic variable (not a f1loat as it is in numerical computing),
and y (like y2) is a symbolic expression (not a float as it would be in numerical
computing).

A very convenient feature of SymPy is that symbolic expressions can be turned
into ordinary Python functions via lambdify. (Python functions are introduced in
Chap. 3, but when discussing SymPy here in the present chapter, it is very natural
to explain how lambdify can transform symbolic expressions back to ordinary
numerical Python expressions.) Let us take the dydt expression above and turn it
into a Python function v(t, v0, g) for numerical computing:

>>> v = lambdify([t, v0, g], # arguments in v

dydt) # symbolic expression
>>> v(t=0, v0=5, g=9.81)
5
>>> v(2, 5, 9.81)
-14.62
>>> b - 9.81%2 # control the previous calculation
-14.62

1.7.2 Equation Solving

A linear equation defined through an expression e that is zero, can be solved by
solve(e, t),if t is the unknown (symbol) in the equation. Here we may find the
roots of y = 0:

>>> from sympy import solve
>>> roots = solve(y, t)

>>> roots

[0, 2%v0/g]

We can easily check the answer by inserting the roots in y. Inserting an expression
e2 for el in some expression e is done by e.subs(el, e2). In our case we check
that
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>>> y.subs(t, roots[0])
0
>>> y.subs(t, roots[1])
0

1.7.3 Taylor Series and More

A Taylor polynomial of order n for an expression e in a variable t around the point
t0 is computed by e.series(t, t0, n). Testing this on ¢’ and ¢*"") gives

>>> from sympy import exp, sin, cos

>>> f = exp(t)

>>> f.series(t, 0, 3)

1+ t + t**2/2 + 0(t*x3)

>>> f = exp(sin(t))

>>> f.series(t, 0, 8)

1 + t + t#%2/2 - t*x4/8 - t**5/15 - t**6/240 + t**7/90 + 0(t**8)

Output of mathematical expressions in the IATEX typesetting system is possible:

>>> from sympy import latex

>>> print latex(f.series(t, 0, 7))

’1 + t + \frac{t " {2}}{2} - \frac{t"{4}}{8} - \frac{t {5}}{15} -
\frac{t {6}}{240} + \mathcal{OF\left (t~{7}\right)’

Finally, we mention that there are tools for expanding and simplifying expres-
sions:

>>> from sympy import simplify, expand

>>> x, y = symbols(’x y’)

>>> f = -sin(x)*sin(y) + cos(x)*cos(y)

>>> simplify(£f)

cos(z + y)

>>> expand(sin(x+y), trig=True) # requires a trigonometric hint
sin(x)*cos(y) + sin(y)*cos(x)

Later chapters utilize SymPy where it can save some algebraic work, but this book
is almost exclusively devoted to numerical computing.

1.8 Summary
1.8.1 Chapter Topics

Programs must be accurate! A program is a collection of statements stored in
a text file. Statements can also be executed interactively in a Python shell. Any
error in any statement may lead to termination of the execution or wrong results.
The computer does exactly what the programmer tells the computer to do!
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Variables The statement

some_variable = obj

defines a variable with the name some_variable which refers to an object obj.
Here obj may also represent an expression, say a formula, whose value is a Python
object. For example, 1+2.5 involves the addition of an int object and a float
object, resulting in a f1oat object. Names of variables can contain upper and lower
case English letters, underscores, and the digits from 0 to 9, but the name cannot
start with a digit. Nor can a variable name be a reserved word in Python.

If there exists a precise mathematical description of the problem to be solved in
a program, one should choose variable names that are in accordance with the math-
ematical description. Quantities that do not have a defined mathematical symbol,
should be referred to by descriptive variables names, i.e., names that explain the
variable’s role in the program. Well-chosen variable names are essential for making
a program easy to read, easy to debug, and easy to extend. Well-chosen variable
names also reduce the need for comments.

Comment lines Everything after # on a line is ignored by Python and used to insert
free running text, known as comments. The purpose of comments is to explain, in
ahuman language, the ideas of (several) forthcoming statements so that the program
becomes easier to understand for humans. Some variables whose names are not
completely self-explanatory also need a comment.

Object types There are many different types of objects in Python. In this chapter
we have worked with the following types.

e Integers (whole numbers, object type int):

x10 = 3
XYZ = 2

e Floats (decimal numbers, object type float):

max_temperature = 3.0
MinTemp = 1/6.0

e Strings (pieces of text, object type str):

a ’This is a piece of text\nover two lines.’

b = "Strings are enclosed in single or double quotes."
c = """Triple-quoted strings can
span

several lines.
mmn

e Complex numbers (object type complex):

a=2.5+ 3j
real = 6; imag = 3.1
b = complex(real, imag)
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Operators Operators in arithmetic expressions follow the rules from mathematics:
power is evaluated before multiplication and division, while the latter two are eval-
uated before addition and subtraction. These rules are overridden by parentheses.
We suggest using parentheses to group and clarify mathematical expressions, also
when not strictly needed.

—t*x2%g/2
—(t**2)*(g/2) # equivalent
—tx*(2%g) /2 # a different formula!

a=5.0;b=5.0; c=5.0

a/b + ¢ + axc # yields 31.0
a/(b + c) + axc # yields 25.5
a/(b + c + a)*c # yields 1.6666666666666665

Particular attention must be paid to coding fractions, since the division operator /
often needs extra parentheses that are not necessary in the mathematical notation
for fractions (compare ﬁ with a/ (b+c) and a/b+c).

Common mathematical functions The math module contains common mathe-
matical functions for real numbers. Modules must be imported before they can be
used. The three types of alternative module import go as follows:

# Import of module - functions requires prefix
import math
a = math.sin(math.pi*1.5)

# Import of individual functions - no prefix in function calls
from math import sin, pi
a = sin(pi*1.5)

# Import everything from a module - no prefix in function calls
from math import *
a = sin(pi*1.5)

Print To print the result of calculations in a Python program to a terminal window,
we apply the print command, i.e., the word print followed by a string enclosed
in quotes, or just a variable:

print "A string enclosed in double quotes"
print a

Several objects can be printed in one statement if the objects are separated by com-
mas. A space will then appear between the output of each object:

>>> a=5.0;, b=-5.0; c=1.9856; d = 33
>>> print ’a is’, a, ’b is’, b, ’c and d are’, c, d
a is 5.0 b is -5.0 c and d are 1.9856 33
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The printf syntax enables full control of the formatting of real numbers and integers:

>>> print ‘a=Yg, b=Y12.4E, c=Y%.2f, d=Y5d4’ % (a, b, c, d)
a=5, b= -5.0000E+00, c=1.99, d= 33

Here, a, b, and ¢ are of type float and formatted as compactly as possible (%g for
a), in scientific notation with 4 decimals in a field of width 12 (%12.4E for b), and
in decimal notation with two decimals in as compact field as possible (%.2f for c).
The variable d is an integer (int) written in a field of width 5 characters (%54).

Be careful with integer division!
A common error in mathematical computations is to divide two integers, because
this results in integer division (in Python 2).

¢ Any number written without decimals is treated as an integer. To avoid integer
division, ensure that every division involves at least one real number, e.g., 9/5
is written as 9.0/5,9./5,9/5.,0r 9/5.0.

¢ Inexpressions with variables, a/b, ensure that a or b is a float object, and if
not (or uncertain), do an explicit conversion as in float (a) /b to guarantee
float division.

e Ifinteger division is desired, use a double slash: a//b.

e Python 3 treats a/b as float division also when a and b are integers.

Complex numbers Values of complex numbers are written as (X+Yj), where X
is the value of the real part and Y is the value of the imaginary part. One example
is (4-0.2j). If the real and imaginary parts are available as variables r and i,
a complex number can be created by complex(r, i).

The cmath module must be used instead of math if the argument is a complex
variable. The numpy package offers similar mathematical functions, but with a uni-
fied treatment of real and complex variables.

Terminology Some Python and computer science terms briefly covered in this
chapter are

e object: anything that a variable (name) can refer to, such as a number, string,
function, or module (but objects can exist without being bound to a name:
print ’Hello!’ first makes a string object of the text in quotes and then the
contents of this string object, without a name, is printed)

e variable: name of an object

e statement: an instruction to the computer, usually written on a line in a Python
program (multiple statements on a line must be separated by semicolons)

e expression: a combination of numbers, text, variables, and operators that results
in a new object, when being evaluated

e assignment: a statement binding an evaluated expression (object) to a variable
(name)

e algorithm: detailed recipe for how to solve a problem by programming

e code: program text (or synonym for program)

e implementation: same as code
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e cxecutable: the file we run to start the program
e verification: providing evidence that the program works correctly
e debugging: locating and correcting errors in a program

1.8.2 Example: Trajectory of a Ball

Problem What is the trajectory of a ball that is thrown or kicked with an initial
velocity vy making an angle 6 with the horizontal? This problem can be solved by
basic high school physics as you are encouraged to do in Exercise 1.13. The ball
will follow a trajectory y = f(x) through the air where

gx’

= xtanf — — 8%
f(x) = xtan 2v3 cos? 6

+ yo. (1.6)

In this expression, x is a horizontal coordinate, g is the acceleration of gravity, v
is the size of the initial velocity that makes an angle # with the x axis, and (0, o)
is the initial position of the ball. Our programming goal is to make a program
for evaluating (1.6). The program should write out the value of all the involved
variables and what their units are.

We remark that the formula (1.6) neglects air resistance. Exercise 1.11 explores
how important air resistance is. For a soft kick (vo = 30 km/h) of a football, the
gravity force is much larger than the air resistance, but for a hard kick, air resistance
may be as important as gravity.

Solution We use the SI system and assume that vy is given in km/h; g = 9.8 1m/s%;
x, v, and y, are measured in meters; and 6 in degrees. The program has naturally
four parts: initialization of input data, import of functions and 7 from math, con-
version of vy and # to m/s and radians, respectively, and evaluation of the right-hand
side expression in (1.6). We choose to write out all numerical values with one dec-
imal. The complete program is found in the file trajectory.py:

g =9.81 # m/s**2

v0 = 15 # km/h
theta = 60 # degrees
x = 0.5 # m

yo =1 # m
print """\

v0 = %.1f km/h
theta = d degrees

y0 =%.1f m

x = %.1f m\

wun 4 (v0, theta, yO, x)

from math import pi, tan, cos

# Convert v0 to m/s and theta to radiams
v0 = v0/3.6

theta = theta*pi/180
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y = x*tan(theta) - 1/(2#v0**2)*gxx**2/((cos(theta))**2) + y0

print ’y =%1fm %y

The backslash in the triple-quoted multi-line string makes the string continue on
the next line without a newline. This means that removing the backslash results in
a blank line above the v0 line and a blank line between the x and y lines in the out-
put on the screen. Another point to mention is the expression 1/ (2*v0**2), which
might seem as a candidate for unintended integer division. However, the conversion
of vO to m/s involves a division by 3.6, which results in vO being float, and there-
fore 2*v0**2 being float. The rest of the program should be self-explanatory at
this stage in the book.

We can execute the program in IPython or an ordinary terminal window and
watch the output:

v0 = 15.0 km/h
theta = 60 degrees
y0 =1.0m
X =0.5m
vy =1.6m

1.8.3 About Typesetting Conventions in This Book

This version of the book applies different design elements for different types of
“computer text”. Complete programs and parts of programs (snippets) are typeset
with a light blue background. A snippet looks like this:

a = sqrt(4*p + c)
print ’a =’, a

A complete program has an additional, slightly darker frame:

c=21
F = (9.0/5)%C + 32
print F

As a reader of this book, you may wonder if a code shown is a complete program
you can try out or if it is just a part of a program (a snippet) so that you need to add
surrounding statements (e.g., import statements) to try the code out yourself. The
appearance of a vertical line to the left or not will then quickly tell you what type
of code you see.

An interactive Python session is typeset as

>>> from math import =*
>>>p=1; ¢ =-1.5
>>> a = sqrt(4%p + c)
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Running a program, say ball_yc.py, in the terminal window, followed by some
possible output is typeset as

ball_yc.py

At t=0.0417064 s and 0.977662 s, the height is 0.2 m.

Recall from Sect. 1.5.3 that we just write the program name. A real execution
demands prefixing the program name by python in a terminal window, or by run if
you run the program from an interactive IPython session. We refer to Appendix H.5
for more complete information on running Python programs in different ways.

Sometimes just the output from a program is shown, and this output appears as
plain computer text:

h=20.2

order=0, error=0.221403
order=1, error=0.0214028
order=2, error=0.00140276
order=3, error=6.94248e-05
order=4, error=2.75816e-06

Files containing data are shown in a similar way in this book:

date Oslo London  Berlin Paris Rome Helsinki
01.05 18 21.2 20.2 e, 7 15.8 15

01.06 21 il 14.9 18 24 20

01.07 13 14 16 25 26.2 14.5

Style guide for Python code This book presents Python code that is (mostly) in
accordance with the official Style Guide for Python Code’, known in the Python
community as PEPS. Some exceptions to the rules are made to make code snippets
shorter: multiple imports on one line and less blank lines.

1.9 Exercises

About solving exercises There is only one way to learn programming: you have to
program yourself. This means that you have to do a lor of exercises! Reading this
book is necessary to learn about the Python syntax and studying the examples in
depth is necessary to grasp how to think about programming and solving problems.
But the main effort in the learning process is your work with exercises or your own
programming projects.

Solving an exercise is a three-stage procedure. First, you have to study the text
in the exercise carefully to understand what the problem is about. Programming
exercises, especially in this book, are about a problem setting that has to be thor-
oughly understood before it makes sense to understand the specific questions in

3 http://www.python.org/dev/peps/pep-0008/
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the exercise. The second phase is to write the program. The more efforts you put
into the first phase, the easier it will be to find the right statements and write the
code. The third and final stage is to test the program and remove errors (known
as debugging and verification from Sect. 1.2). This is by far the greatest challenge
for beginners. Very often, especially for newcomers to programming, it boils down
to writing out the result of every statement and checking these results carefully by
playing computer with pen and paper.

Beginners often underestimate the amount of work required in the first and third
stage and instead try to do the second stage (i.e., write the program) as quickly as
possible. The more work you put into the first stage, the easier it will be to find
an example in this book or elsewhere that is similar to the exercise and that can
help you get started. And the more work you put into stage three up front, with
constructing a test case, the better your understanding of the statements will be and
the fewer errors you will commit. Experience will prove that all these assertions are
right!

Most exercises are associated with a filename, e.g., myexer. If the answer to the
exercise is a Python program, you should store the program in a file myexer. py. If
the answer can be an explanation, you may store it in a plain text file, nyexer. txt,
or write the text in a word processor and produce a PDF file (myexer. pdf).

When you hand in exercises to teaching assistants, it is often a requirement that
a trial run of the program is inserted at the end of the code. This means that you
run some case with known result, direct the output to a file result,

Terminal> python myprogram.py > result

and copy the contents of result to a triple-quoted string with appropriate com-
ments after the statements of the program. Here is an example of a program with its
trial run inserted:

F = 69.8 # Fahrenheit degrees
C = (5.0/9)*(F - 32) # Corresponding Celsius degrees
print C

122

Trial run (correct result is 21):
python f2c.py
21.0

131

The trial run demonstrates that the program runs and produces correct results in
a test case.

Exercise 1.1: Compute 1+1

The first exercise concerns some very basic mathematics and programming: assign
the result of 141 to a variable and print the value of that variable.

Filename: 1plusi.
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Exercise 1.2: Write a Hello World program

Almost all books about programming languages start with a very simple program
that prints the text Hello, World! to the screen. Make such a program in Python.
Filename: hello_world.

Exercise 1.3: Derive and compute a formula

Can a newborn baby in Norway expect to live for one billion (10?) seconds? Write
a Python program for doing arithmetics to answer the question.

Filename: seconds2years.

Exercise 1.4: Convert from meters to British length units

Make a program where you set a length given in meters and then compute and write
out the corresponding length measured in inches, in feet, in yards, and in miles. Use
that one inch is 2.54 cm, one foot is 12 inches, one yard is 3 feet, and one British
mile is 1760 yards. For verification, a length of 640 meters corresponds to 25196.85
inches, 2099.74 feet, 699.91 yards, or 0.3977 miles.

Filename: length_conversion.

Exercise 1.5: Compute the mass of various substances

The density of a substance is defined as ¢ = m/ V', where m is the mass of a volume
V. Compute and print out the mass of one liter of each of the following substances
whose densities in g/cm® are found in the file src/files/densities.dat®: iron,
air, gasoline, ice, the human body, silver, and platinum.

Filename: 1liter.

Exercise 1.6: Compute the growth of money in a bank
Let p be a bank’s interest rate in percent per year. An initial amount A has then
grown to

A+ £)

100

after n years. Make a program for computing how much money 1000 euros have
grown to after three years with 5 percent interest rate.
Filename: interest_rate.

Exercise 1.7: Find error(s) in a program
Suppose somebody has written a simple one-line program for computing sin(1):

x=1; print ’sin(%g)=kg’ % (x, sin(x))

Create this program and try to run it. What is the problem?
Filename: find_errors_sinl.

Exercise 1.8: Type in program text
Type the following program in your editor and execute it. If your program does not
work, check that you have copied the code correctly.

6 http://tinyur].com/pwyasaa/files/densities.dat
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from math import pi

h=5.0 # height
b=2.0 # base
r=1.5 # radius

area_parallelogram = h*b
print ’The area of the parallelogram is %.3f’ ) area_parallelogram

area_square = b**2
print ’The area of the square is g’ % area_square

area_circle = pikr**2
print ’The area of the circle is %.3f’ ) area_circle

volume_cone = 1.0/3*pi*r**2%h
print ’The volume of the cone is %.3f’ % volume_cone

Filename: formulas_shapes.

Exercise 1.9: Type in programs and debug them
Type these short programs in your editor and execute them. When they do not work,
identify and correct the erroneous statements.

a) Does sinz(x) + Cosz(x) =12

from math import sin, cos

x = pi/4

1_val = math.sin"2(x) + math.cos"2(x)
print 1_VAL

b) Compute s in meters when s = vor + Jat®, withvg = 3m/s, 1 = 1s,a =
2 m/s.

v0 = 3 m/s

t=1s

a = 2 m/s**2

s = v0.t + 0,5.a.t*%2
print s

c) Verify these equations:

(a+ b)* =a*+2ab + b?
(a—b) =a*—2ab+b*
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eql_sum = a2 + 2ab + b2
eq2_sum = a2 - 2ab + b2
eql_pow = (a + b)**2
eq2_pow = (a - b)*x2

print ’First equation: g
print ’Second equation: %h

%g’, % (eql_sum, eql_pow)
%h’, % (eq2_pow, eq2_pow)

Filename: find_errors_programs.

Exercise 1.10: Evaluate a Gaussian function
The bell-shaped Gaussian function,

A} o

is one of the most widely used functions in science and technology. The parameters
m and s > 0 are prescribed real numbers. Make a program for evaluating this
function whenm = 0, s = 2, and x = 1. Verify the program’s result by comparing
with hand calculations on a calculator.

Filename: gaussianl.

fx) =

Remarks The function (1.7) is named after Carl Friedrich Gauss’, 1777-1855,
who was a German mathematician and scientist, now considered as one of the
greatest scientists of all time. He contributed to many fields, including number
theory, statistics, mathematical analysis, differential geometry, geodesy, electrostat-
ics, astronomy, and optics. Gauss introduced the function (1.7) when he analyzed
probabilities related to astronomical data.

Exercise 1.11: Compute the air resistance on a football
The drag force, due to air resistance, on an object can be expressed as

1
Fy = ECDQAV2! (1.8)

where o is the density of the air, V' is the velocity of the object, A is the cross-
sectional area (normal to the velocity direction), and Cp is the drag coefficient,
which depends heavily on the shape of the object and the roughness of the surface.

The gravity force on an object with mass m is F, = mg, where g = 9.81ms™2,

We can use the formulas for F; and F, to study the importance of air resistance
versus gravity when kicking a football. The density of air is o = 1.2 kg m™>. We
have A = wa? for any ball with radius a. For a football, a = 11 cm and the mass
is 0.43kg. The drag coefficient Cp varies with the velocity and can be taken as 0.4,

Make a program that computes the drag force and the gravity force on a football.
Write out the forces with one decimal in units of Newton (N = kgm/s?). Also
print the ratio of the drag force and the gravity force. Define Cp, o, A, V, m, g,

7 http:/fen.wikipedia.org/wiki/Carl_Gauss
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F4, and F, as variables, and put a comment with the corresponding unit. Use the
program to calculate the forces on the ball for a hard kick, ¥V = 120 km/h and for
a soft kick, V' = 30 km/h (it is easy to mix inconsistent units, so make sure you
compute with V expressed in m/s).

Filename: kick.

Exercise 1.12: How to cook the perfect egg
As an egg cooks, the proteins first denature and then coagulate. When the temper-
ature exceeds a critical point, reactions begin and proceed faster as the temperature
increases. In the egg white, the proteins start to coagulate for temperatures above
63 °C, while in the yolk the proteins start to coagulate for temperatures above 70 °C.
For a soft boiled egg, the white needs to have been heated long enough to coagulate
at a temperature above 63 °C, but the yolk should not be heated above 70 °C. For
a hard boiled egg, the center of the yolk should be allowed to reach 70 °C.

The following formula expresses the time ¢ it takes (in seconds) for the center of
the yolk to reach the temperature T, (in Celsius degrees):

M2cph/3
I = ———————=In|0.76
Kr2(4x/3)2 “[

Ta - Tw

T, = Tu:] . (1.9)
Here, M, p, ¢, and K are properties of the egg: M is the mass, p is the density,
¢ is the specific heat capacity, and K is thermal conductivity. Relevant values are
M = 47 g for a small egg and M = 67 g for a large egg, p = 1.038gcem™, ¢ =
3.7J¢ 'K and K = 5.4-1073 W em™' K1, Furthermore, T, is the temperature
(in C degrees) of the boiling water, and T, is the original temperature (in C degrees)
of the egg before being put in the water. Implement the formula in a program, set
T, = 100°C and T, = 70°C, and compute ¢ for a large egg taken from the fridge
(T, = 4°C) and from room temperature (7, = 20°C).

Filename: egg.

Exercise 1.13: Derive the trajectory of a ball
The purpose of this exercise is to explain how Equation (1.6) for the trajectory of
a ball arises from basic physics. There is no programming in this exercise, just
physics and mathematics.

The motion of the ball is governed by Newton’s second law:

F, = ma;, (1.10)
F, = ma, (1.11)

where F; and F) are the sum of forces in the x and y directions, respectively, a,
and a, are the accelerations of the ball in the x and y directions, and m is the
mass of the ball. Let (x(r), y(t)) be the position of the ball, i.e., the horizontal and
vertical coordinate of the ball at time ¢. There are well-known relations between
acceleration, velocity, and position: the acceleration is the time derivative of the
velocity, and the velocity is the time derivative of the position. Therefore we have
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that
d*x
x = == 1.12
e S
d*y
a, = :;;; . (|.13)
If we assume that gravity is the only important force on the ball, F, = 0 and
I, = —mg.

Integrate the two components of Newton’s second law twice. Use the initial
conditions on velocity and position,

%x(ﬂ) = vycos b, (1.14)
j—ty(O) = vy sin B, (1.15)
x(0) =0, (1.16)
y(0) = yo, (1.17)

to determine the four integration constants. Write up the final expressions for x(t)
and y(z). Show that if § = m/2, i.e., the motion is purely vertical, we get the
formula (1.1) for the y position. Also show that if we eliminate 7, we end up with
the relation (1.6) between the x and y coordinates of the ball. You may read more
about this type of motion in a physics book, e.g., [15].

Filename: trajectory.

Exercise 1.14: Find errors in the coding of formulas
Some versions of our program for calculating the formula (1.3) are listed below.
Find the versions that will not work correctly and explain why in each case.

C = 21; F = 9/5%C + 32; print F
C=21.0; F = (9/5)xC + 32; print F
C=21.0; F = 9%C/5 + 32; print F
C=21.0; F= 9.%(C/5.0) + 32; print F
C=21.0; F= 9.0%xC/5.0 + 32; print F
C=21; F = 9%C/5 + 32; print F
C=21.0; F = (1/5)%9%C + 32; print F
C = 21; F = (1./8)%9*%C + 32; print F

Filename: find_errors_division.

Exercise 1.15: Explain why a program does not work
Figure out why the following program does not work:

C=A+8B
A=3
B=2
print C

Filename: find_errors_vars.
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Exercise 1.16: Find errors in Python statements

Try the following statements in an interactive Python shell. Explain why some

statements fail and correct the errors.

la = 2

al =b

x =2

y=X+4 # is it 67

from Math import tan

print tan(pi)

pi = "3.14159°

print tan(pi)

C = 4*xx3kx2%*%3

N ((c-78564)/c + 32))
discount = 12}

AMOUNT = 120.-

amount = 120%

address = hpl@simula.no

and = duck

class = ’'INF1100, gr 2"
continue_ = x > 0

rev = fox = True

Norwegian = [’a human language’]
true = fox is rev in Norwegian

Hint It is wise to test the values of the expressions on the right-hand side, and the
validity of the variable names, separately before you put the left- and right-hand
sides together in statements. The last two statements work, but explaining why

goes beyond what is treated in this chapter.
Filename: find_errors_syntax.

Exercise 1.17: Find errors in the coding of a formula
Given a quadratic equation,

ax*+bx +c¢ =0,

the two roots are

X1 X2 =

2a 2a

What are the problems with the following program?

a=2;b=1;, c=2
from math import sqrt
q = bxb - 4*a*c

g_sr = sqrt(q)

x1 = (b + g_sr)/2*%a
x2 = (-b - gq_sr)/2%a
print x1, x2

Correct the program so that it solves the given equation.
Filename: find_errors_roots.

_ —b+ Vb*—4ac —b — V/b? —4dac

(1.18)
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Exercise 1.18: Find errors in a program
What is the problem in the following program?

from math import pi, tan
tan = tan(pi/4)
tan2 = tan(pi/3)
print tan, tan2

Filename: find_errors_tan.



Loops and Lists

This chapter explains how repetitive tasks in a program can be automated by loops.
We also introduce list objects for storing and processing collections of data with
a specific order. Loops and lists, together with functions and if tests from Chap. 3,
lay the fundamental programming foundation for the rest of the book. The programs
associated with the chapter are found in the folder src/looplist'.

2.1 While Loops

Our task now is to print out a conversion table with Celsius degrees in the first
column of the table and the corresponding Fahrenheit degrees in the second column.
Such a table may look like this:

-20 -4.
-16 5.
-10 14.
-5 23.
0 32.

5 41.
10 50.
15 59.
20 68.
26 T7T.
30 86.
35 95.
40 104.

OO0 COCOOOOCOC OO

2.1.1 A Naive Solution

The formula for converting C degrees Celsius to F degrees Fahrenheit is F =
9C /5 + 32. Since we know how to evaluate the formula for one value of C, we can
just repeat these statements as many times as required for the table above. Using

Uhttp://tinyur].com/pwyasaa/looplist
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three statements per line in the program, for compact layout of the code, we can
write the whole program as

C=-20; F =9.0/6%C + 32; print C, F
C=-16; F = 9.0/6%C + 32; print C, F
C=-10; F = 9.0/5%C + 32; print C, F
C= -5; F=9.0/6%C + 32; print C, F
C = 0; F =09.0/6%C + 32; print C, F
C = 5; F = 9.0/6%C + 32; print C, F
C= 10; F = 9.0/5%C + 32; print C, F
C= 15; F = 9.0/5%C + 32; print C, F
C= 20; F =9.0/5+%C + 32; print C, F
C= 25; F =9.0/5+%C + 32; print C, F
C= 30; F=9.0/6%C + 32; print C, F
C= 35; F=09.0/6%C + 32; print C, F
C= 40; F =9.0/6%C + 32; print C, F

Running this program (which is stored in the file c2f_table_repeat.py),
demonstrates that the output becomes

-20 -4.0
-15 5.0
-10 14.0
-5 23.0
0 32.0

5 41.0

10 50.0
15 59.0
20 68.0
25 77.0
30 86.0
35 95.0
40 104.0

This output suffers from somewhat ugly formatting, but that problem can quickly be
fixed by replacing print C, F by a print statement based on printf formatting.
We will return to this detail later.

The main problem with the program above is that lots of statements are identi-
cal and repeated. First of all it is boring to write this sort of repeated statements,
especially if we want many more C and F values in the table. Second, the idea
of the computer is to automate repetition. Therefore, all computer languages have
constructs to efficiently express repetition. These constructs are called loops and
come in two variants in Python: while loops and for loops. Most programs in this
book employ loops, so this concept is extremely important to learn.

2.1.2 While Loops

The while loop is used to repeat a set of statements as long as a condition is true.
We shall introduce this kind of loop through an example. The task is to generate the
rows of the table of C and F values. The C value starts at —20 and is incremented
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by 5 as long as C < 40. For each C value we compute the corresponding F value
and write out the two temperatures. In addition, we also add a line of dashes above
and below the table.

The list of tasks to be done can be summarized as follows:

e Print line with dashes
o C =-20
e While C < 40:

- F=21C+32

— Print C and F

— Increment C by 5
e Print line with dashes

This is the algorithm of our programming task. The way from a detailed algorithm
to a fully functioning Python code can often be made very short, which is definitely
true in the present case:

PEANTEEECSEsccEsssSS S an ’ # table heading

G = =2 # start value for C

dC =5 # increment of C in loop

while C <= 40: # loop heading with condition
F = (9.0/5)*C + 32 # 1st statement inside loop
print C, F # 2nd statement inside loop
C=C+dC # 3rd statement inside loop

[abng Yoo ’ # end of table line (after loop)

A very important feature of Python is now encountered: the block of statements
to be executed in each pass of the while loop must be indented. In the example
above the block consists of three lines, and all these lines must have exactly the
same indentation. Our choice of indentation in this book is four spaces. The first
statement whose indentation coincides with that of the while line marks the end
of the loop and is executed after the loop has terminated. In this example this is
the final print statement. You are encouraged to type in the code above in a file,
indent the last line four spaces, and observe what happens (you will experience that
lines in the table are separated by a line of dashes: ----).

Many novice Python programmers forget the colon at the end of the while line
— this colon is essential and marks the beginning of the indented block of statements
inside the loop. Later, we will see that there are many other similar program con-
structions in Python where there is a heading ending with a colon, followed by an
indented block of statements.

Programmers need to fully understand what is going on in a program and be able
to simulate the program by hand. Let us do this with the program segment above.
First, we define the start value for the sequence of Celsius temperatures: C = -20,
We also define the increment dC that will be added to C inside the loop. Then we
enter the loop condition C <= 40. The first time C is -20, which implies that C
<= 40 (equivalent to C < 40 in mathematical notation) is true. Since the loop
condition is true, we enter the loop and execute all the indented statements. That
is, we compute F corresponding to the current C value, print the temperatures, and
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increment C by dC. For simplicity, we have used a plain print C, F without any
formatting so the columns will not be aligned, but this can easily be fixed later.

Thereafter, we enter the second pass in the loop. First we check the condition:
Cis -15and C <= 40 is still true. We execute the statements in the indented loop
block, C becomes -10, this is still less than or equal to 40, so we enter the loop
block again. This procedure is repeated until C is updated from 40 to 45 in the
final statement in the loop block. When we then test the condition, C <= 40, this
condition is no longer true, and the loop is terminated. We proceed with the next
statement that has the same indentation as the while statement, which is the final
print statement in this example.

Newcomers to programming are sometimes confused by statements like

C=C+dC

This line looks erroneous from a mathematical viewpoint, but the statement is
perfectly valid computer code, because we first evaluate the expression on the right-
hand side of the equality sign and then let the variable on the left-hand side refer to
the result of this evaluation. In our case, C and dC are two different int objects. The
operation C+dC results in a new int object, which in the assignment C = C+dC is
bound to the name C. Before this assignment, C was already bound to an int object,
and this object is automatically destroyed when C is bound to a new object and there
are no other names (variables) referring to this previous object (if you did not get
this last point, just relax and continue reading!).

Since incrementing the value of a variable is frequently done in computer pro-
grams, there is a special short-hand notation for this and related operations:

C += dC # equivalent to C = C + dC
C -=dC # equivalent to C = C - dC
C x= dC # equivalent to C = C*dC
C /=dC # equivalent to C = C/dC

2.1.3 Boolean Expressions

In our first example on a while loop, we worked with a condition C <= 40, which
evaluates to either true or false, written as True or False in Python. Other compar-
isons are also useful:

C == 40 # C equals 40

C = 40 # C does not equal 40

C >= 40 # C is greater than or equal to 40
C> 40 # C is greater than 40

C < 40 # C is less than 40

Not only comparisons between numbers can be used as conditions in while loops:
any expression that has a boolean (True or False) value can be used. Such expres-
sions are known as logical or boolean expressions.

The keyword not can be inserted in front of the boolean expression to change
the value from True to False or from False to True. To evaluate not C ==
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Xx =1.2 # assign some value

N =25 # maximum power in sum
k=1

s =x

sign = 1.0

import math

while k < N:
sign = - sign
k=k+ 2
term = sign*x**k/math.factorial (k)
s = s + term

print ’sin(%g) = %g (approximation with %d terms)’ % (z, s, N)

The best way to understand such a program is to simulate it by hand. That is, we
go through the statements, one by one, and write down on a piece of paper what the
state of each variable is.

When the loop is first entered, k¥ < N implies 1 < 25, which is True so
we enter the loop block. There, we compute sign = -1.0, k = 3, term =
-1.0%x*#*3/(3%2*1)) (note that sign is float so we always have float divided
by int),and s = x - x**3/6, which equals the first two terms in the sum. Then
we test the loop condition: 3 < 25 is True so we enter the loop block again.
This time we obtain term = 1.0*x*#*5/math.factorial(5), which correctly
implements the third term in the sum. At some point, k is updated to from 23 to
25 inside the loop and the loop condition then becomes 25 < 25, which is False,
implying that the program jumps over the loop block and continues with the print
statement (which has the same indentation as the while statement).

2.2 Lists

Up to now a variable has typically contained a single number. Sometimes numbers
are naturally grouped together. For example, all Celsius degrees in the first col-
umn of our table from Sect. 2.1.2 could be conveniently stored together as a group.
A Python list can be used to represent such a group of numbers in a program. With
a variable that refers to the list, we can work with the whole group at once, but we
can also access individual elements of the group. Figure 2.1 illustrates the difference
between an int object and a list object. In general, a list may contain a sequence of
arbitrary objects in a given order. Python has great functionality for examining and
manipulating such sequences of objects, which will be demonstrated below.

2.2.1 BasicList Operations

To create a list with the numbers from the first column in our table, we just put all
the numbers inside square brackets and separate the numbers by commas:

¢ = [-20, -15, -10, -5, O, 5, 10, 15, 20, 25, 30, 35, 40]
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vari 21

var2 0 o+—20
1 o+—21
2 o+—29
3 o+—4.0

Fig. 2.1 Hlustration of two variables: varl refers to an int object with value 21, created by
the statement varl = 21, and var2 refers to a list object with value [20, 21, 29, 4.0],
i.e., three int objects and one float object, created by the statement var2 = [20, 21, 29,
4.0]

The variable C now refers to a 1ist object holding 13 list elements. All list elements
are in this case int objects.

Every element in a list is associated with an index, which reflects the position of
the element in the list. The first element has index 0, the second index 1, and so
on. Associated with the C list above we have 13 indices, starting with 0 and ending
with 12. To access the element with index 3, i.e., the fourth element in the list, we
can write C[3]. As we see from the list, C[3] refers to an int object with the value
5.

Elements in lists can be deleted, and new elements can be inserted anywhere.
The functionality for doing this is built into the list object and accessed by a dot
notation. Two examples are C.append (v), which appends a new element v to the
end of the list, and C.insert(i,v), which inserts a new element v in position
number i in the list. The number of elements in a list is given by len(C). Let
us exemplify some list operations in an interactive session to see the effect of the
operations:

>>> ¢ = [-10, -5, 0, 5, 10, 15, 20, 25, 30] # create list
>>> C.append(35) # add new element 35 at the end
>>»> C # view list C

[-10, -5, 0, 6, 10, 15, 20, 25, 30, 35]

Two lists can be added:

>>> C = C + [40, 45] # extend C at the end
>>> C
[-10, -5, 0, 5, 10, 15, 20, 25, 30, 35, 40, 45]

What adding two lists means is up to the list object to define, and not surprisingly,
addition of two lists is defined as appending the second list to the first. The result
of C + [40,45] is a new list object, which we then assign to C such that this
name refers to this new list. In fact, every object in Python and everything you can
do with it is defined by programs made by humans. With the techniques of class
programming (see Chap. 7) you can create your own objects and define (if desired)
what it means to add such objects. All this gives enormous power in the hands of
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programmers. As one example, you can define your own list object if you are not
satisfied with the functionality of Python’s own lists.

New elements can be inserted anywhere in the list (and not only at the end as we
did with C. append):

>>> C.insert (0, -15) # insert new element -15 as index 0
>>> C

(-15, -10, -5, 0, 5, 10, 15, 20, 25, 30, 35, 40, 45]

With del C[i] we can remove an element with index i from the list C. Observe
that this changes the list, so C[i] refers to another (the next) element after the
removal:

>>> del C[2] # delete 3rd element

>>> C

[-15, -10, 0, 5, 10, 15, 20, 25, 30, 35, 40, 45]

>>> del C[2] # delete what is now 3rd element
>>> C

[-15, -10, 5, 10, 15, 20, 25, 30, 35, 40, 45]

>>> len(C) # length of list

11

The command C. index (10) returns the index corresponding to the first element
with value 10 (this is the 4th element in our sample list, with index 3):

>>> C.index (10) # find index for an element (10)
3

To just test if an object with the value 10 is an element in the list, one can write the
boolean expression 10 in C:

>>> 10 in C # is 10 an element in C7
True

Python allows negative indices, which leads to indexing from the right. As demon-
strated below, C[-1] gives the last element of the list C. C[-2] is the element before
C[-1], and so forth.

>>> C[-1] # view the last list element

45

>>> C[-2] # view the next last list element
40

Building long lists by writing down all the elements separated by commas is a te-
dious process that can easily be automated by a loop, using ideas from Sect. 2.1.4.
Say we want to build a list of degrees from —50 to 200 in steps of 2.5 degrees. We
then start with an empty list and use a while loop to append one element at a time:
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c=1

C_value = -50

C_max = 200

while C_value <= C_max:
C.append(C_value)
C_value += 2.5

In the next sections, we shall see how we can express these six lines of code with
just one single statement.

There is a compact syntax for creating variables that refer to the various list
elements. Simply list a sequence of variables on the left-hand side of an assignment
to a list:

>>> somelist = [’book.tex’, ’book.log’, ’book.pdf’]
>>> texfile, logfile, pdf = somelist

>>> texfile

’book.tex’

>>> logfile

’book. log’

>>> pdf

*book . pdf’

The number of variables on the left-hand side must match the number of elements
in the list, otherwise an error occurs.

A final comment regards the syntax: some list operations are reached by a dot
notation, as in C.append (e), while other operations requires the list object as an
argument to a function, as in 1en(C). Although C. append for a programmer be-
haves as a function, it is a function that is reached through a list object, and it is
common to say that append is a method in the list object, not a function. There
are no strict rules in Python whether functionality regarding an object is reached
through a method or a function.

222 ForLoops

The nature of for loops When data are collected in a list, we often want to perform
the same operations on each element in the list. We then need to walk through all list
elements. Computer languages have a special construct for doing this conveniently,
and this construct is in Python and many other languages called a for loop. Let us
use a for loop to print out all list elements:

degrees = [0, 10, 20, 40, 100]
for C in degrees:
print ’list element:’, C
print ’The degrees list has’, len(degrees), ’elements’

The for C in degrees construct creates a loop over all elements in the list
degrees. In each pass of the loop, the variable C refers to an element in the list,
starting with degrees [0], proceeding with degrees[1], and so on, before ending
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with the last element degrees [n-1] (if n denotes the number of elements in the
list, len(degrees)).

The for loop specification ends with a colon, and after the colon comes a block
of statements that does something useful with the current element. Each statement
in the block must be indented, as we explained for while loops. In the example
above, the block belonging to the for loop contains only one statement. The fi-
nal print statement has the same indentation (none in this example) as the for
statement and is executed as soon as the loop is terminated.

As already mentioned, understanding all details of a program by following the
program flow by hand is often a very good idea. Here, we first define a list degrees
containing 5 elements. Then we enter the for loop. In the first pass of the loop,
C refers to the first element in the list degrees, i.e., the int object holding the
value 0. Inside the loop we then print out the text *1ist element:’ and the value
of C, which is 0. There are no more statements in the loop block, so we proceed
with the next pass of the loop. C then refers to the int object 10, the output now
prints 10 after the leading text, we proceed with C as the integers 20 and 40, and
finally C is 100. After having printed the list element with value 100, we move on
to the statement after the indented loop block, which prints out the number of list
elements. The total output becomes

list element: O

list element: 10

list element: 20

list element: 40

list element: 100

The degrees list has 5 elements

Correct indentation of statements is crucial in Python, and we therefore strongly
recommend you to work through Exercise 2.23 to learn more about this topic.

Making the table Our knowledge of lists and for loops over elements in lists puts
us in a good position to write a program where we collect all the Celsius degrees
to appear in the table in a list Cdegrees, and then use a for loop to compute and
write out the corresponding Fahrenheit degrees. The complete program may look
like this:

Cdegrees = [-20, -15, -10, -5, 0, 5, 10, 15, 20, 25, 30, 35, 40]
for C in Cdegrees:

F = (9.0/8)%C + 32

print C, F

The print C, F statement just prints the value of C and F with a default format,
where each number is separated by one space character (blank). This does not
look like a nice table (the output is identical to the one shown in Sect. 2.1.1. Nice
formatting is obtained by forcing C and F to be written in fields of fixed width and
with a fixed number of decimals. An appropriate printf format is %5d (or %5 . 0f) for
Cand %5. 1f for F. We may also add a headline to the table. The complete program
becomes:
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2.3.3 For Loops with List Indices

Instead of iterating over a list directly with the construction

for element in somelist:

we can equivalently iterate of the list indices and index the list inside the loop:

for i in range(len(somelist)):
element = somelist[i]

Since len(somelist) returns the length of somelist and the largest legal index
is len(somelist) -1, because indices always start at 0, range (1en (somelist))
will generate all the correct indices: 0, 1, ..., len(somelist)-1.

Programmers coming from other languages, such as Fortran, C, C++, Java, and
C#, are very much used to for loops with integer counters and usually tend to
use for i in range(len(somelist)) and work with somelist [i] inside the
loop. This might be necessary or convenient, but if possible, Python programmers
are encouraged to use for element in somelist,which is more elegant to read.

Iterating over loop indices is useful when we need to process two lists simul-
taneously. As an example, we first create two Cdegrees and Fdegrees lists, and
then we make a list to write out a table with Cdegrees and Fdegrees as the two
columns of the table. Iterating over a loop index is convenient in the final list:

Cdegrees = []

n =21
C_min = -10
C_max = 40

dC = (C_max - C_min)/float(n-1) # increment in C
for i in range(0, n):

C = -10 + i*xdC

Cdegrees .append (C)

Fdegrees = []

for C in Cdegrees:
F = (9.0/5)*C + 32
Fdegrees .append (F)

for i in range(len(Cdegrees)):
C = Cdegrees[i]
F = Fdegrees[i]
print '¥5.1f %5.1f’ % (C, F)

Instead of appending new elements to the lists, we can start with lists of the right
size, containing zeros, and then index the lists to fill in the right values. Creating
a list of length n consisting of zeros (for instance) is done by

somelist = [0]#*n
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With this construction, the program above can use for loops over indices every-
where:

n =21
C_min = -10
C_max = 40

dC = (C_max - C_min)/float(n-1) # increment in C

Cdegrees = [0]*n
for i in range(len(Cdegrees)):
Cdegrees[i] = -10 + i*dC

Fdegrees = [0]*n
for i in range(len(Cdegrees)):
Fdegrees[i]l = (9.0/5)*Cdegrees[i] + 32

for i in range(len(Cdegrees)):
print ’}%5.1f 75.1f’ % (Cdegrees[i], Fdegrees[i])

Note that we need the construction [0]#n to create a list of the right length, other-
wise the index [i] will be illegal.

2.3.4 ChangingList Elements

We have two seemingly alternative ways to traverse a list, either a loop over ele-
ments or over indices. Suppose we want to change the Cdegrees list by adding 5
to all elements. We could try

for c in Cdegrees:
ch-k=ih

but this loop leaves Cdegrees unchanged, while

for i in range(len(Cdegrees)):
Cdegrees[i] += 5

works as intended. What is wrong with the first loop? The problem is that c is an
ordinary variable, which refers to a list element in the loop, but when we execute c
+= b5, we let c refer to a new float object (c+5). This object is never inserted in
the list. The first two passes of the loop are equivalent to

= Cdegrees[0] # automatically done in the for statement
+= 5
= Cdegrees[1] # automatically done in the for statement
4+= 5

0O 000

The variable ¢ can only be used to read list elements and never to change them.
Only an assignment of the form
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Cdegrees[i] = ...

can change a list element.
There is a way of traversing a list where we get both the index and an element in
each pass of the loop:

for i, ¢ in enumerate(Cdegrees):
Cdegrees[i] = c + 5

This loop also adds 5 to all elements in the list.

2.3.5 List Comprehension
Because running through a list and for each element creating a new element in
another list is a frequently encountered task, Python has a special compact syntax

for doing this, called list comprehension. The general syntax reads

newlist = [E(e) for e in list]

where E(e) represents an expression involving element e. Here are three examples:

Cdegrees = [-56 + i*#0.5 for i in range(n)]
Fdegrees [(9.0/5)*C + 32 for C in Cdegrees]
C_plus_5 [C+5 for C in Cdegrees]

List comprehensions are recognized as a for loop inside square brackets and will
be frequently exemplified throughout the book.

2.3.6 Traversing Multiple Lists Simultaneously

We may use the Cdegrees and Fdegrees lists to make a table. To this end, we need
to traverse both arrays. The for element in list construction is not suitable in
this case, since it extracts elements from one list only. A solution is to use a for
loop over the integer indices so that we can index both lists:

for i in range(len(Cdegrees)):
print ’%5d %5.1f’ % (Cdegrees[i], Fdegrees[i])

It happens quite frequently that two or more lists need to be traversed simultane-
ously. As an alternative to the loop over indices, Python offers a special nice syntax
that can be sketched as

for el, e2, e3, ... in zip(listl, list2, 1list3, ...):
# work with element el from listl, element e2 from list2,
# element e3 from list3, etc.
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The zip function turns n lists (1ist1, list2, 1ist3, ...) into one list of n-
tuples, where each n-tuple (el,e2,e3,...) has its first element (el) from the
first list (1ist1), the second element (e2) from the second list (1ist2), and so
forth. The loop stops when the end of the shortest list is reached. In our specific
case of iterating over the two lists Cdegrees and Fdegrees, we can use the zip
function:

for C, F in zip(Cdegrees, Fdegrees):
print ’%5d %5.1f’ % (C, F)

It is considered more Pythonic to iterate over list elements, here C and F, rather than
over list indices as in the for i in range(len(Cdegrees)) construction.

2.4 Nested Lists

Nested lists are list objects where the elements in the lists can be lists themselves.
A couple of examples will motivate for nested lists and illustrate the basic opera-
tions on such lists.

2.4.1 Atable as a List of Rows or Columns

Our table data have so far used one separate list for each column. If there were n
columns, we would need #n list objects to represent the data in the table. However,
we think of a table as one entity, not a collection of n columns. It would therefore
be natural to use one argument for the whole table. This is easy to achieve using
a nested list, where each entry in the list is a list itself. A table object, for instance,
is a list of lists, either a list of the row elements of the table or a list of the column
elements of the table. Here is an example where the table is a list of two columns,
and each column is a list of numbers:

Cdegrees = range(-20, 41, 5) # -20, -15, ..., 35, 40
Fdegrees = [(9.0/5)*C + 32 for C in Cdegrees]

table = [Cdegrees, Fdegrees]

(Note that any value in [41, 45] can be used as second argument (stop value) to
range and will ensure that 40 is included in the range of generate numbers.)

With the subscript table [0] we can access the first element in table, which is
nothing but the Cdegrees list, and with table [0] [2] we reach the third element
in the first element, i.e., Cdegrees [2].

However, tabular data with rows and columns usually have the convention that
the underlying data is a nested list where the first index counts the rows and the
second index counts the columns. To have table on this form, we must construct
table as a list of [C, F] pairs. The first index will then run over rows [C, F].
Here is how we may construct the nested list:
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tablel 0 0 20 table2 | 0 0 20
1 o425 1 68.0
2 o-+—30 1 0 25
3 +—35 1 77.0
4 040 2 0 o130
1 0 ——68.0 1 86.0
1 o770 3 0 35
2 o|{—-86.0 1 95.0
3 o+—95.0 4 0 40
4 o 1040 1 104.0

Fig. 2.2 Two ways of creating a table as a nested list. Left: table of columns C and F, where C
and F are lists. Right: table of rows, where each row [C, F] is a list of two floats

table = []
for C, F in zip(Cdegrees, Fdegrees):
table.append([C, F])

We may shorten this code segment by introducing a list comprehension:

table = [[C, F] for C, F in zip(Cdegrees, Fdegrees)]

This construction loops through pairs C and F, and for each pass in the loop we
create a list element [C, F].

The subscript table [1] refers to the second element in table, which is a [C,
F] pair, while table[1] [0] is the C value and table[1] [1] is the F value. Fig-
ure 2.2 illustrates both a list of columns and a list of pairs. Using this figure, you
can realize that the first index looks up an element in the outer list, and that this
element can be indexed with the second index.

2.4.2 Printing Objects

Modules for pretty print of objects We may write print table to immediately
view the nested list table from the previous section. In fact, any Python object obj
can be printed to the screen by the command print obj. The output is usually one
line, and this line may become very long if the list has many elements. For example,
a long list like our table variable, demands a quite long line when printed.

Ei=2058 =45 00 =165 6 01 105 40l e , [40, 104.0]]
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We can also slice the second index, or both indices:

>>> table[4:7][0:2]
[[o, 32.0], [5, 41.0]]

Observe that table [4:7] makes alist [[0, 32.0], [5, 41.0], [10, 50.0]]
with three elements. The slice [0:2] acts on this sublist and picks out its first two
elements, with indices O and 1.

Sublists are always copies of the original list, so if you modify the sublist the
original list remains unaltered and vice versa:

>>> 11
>>> 12
>>> 12
[1, 4]
>>> 11[0] = 100

>>> 11 # 11 is modified
[100, 4, 3]

>>> 12 # 12 is not modified
[1, 4]

[1, 4, 3]
11[:-1]

The fact that slicing makes a copy can also be illustrated by the following code:

>>> B = A[:]
>>> C =A

>>> B == A

True

>>> B is A

False

>>> C is A

True

The B == A boolean expression is True if all elements in B are equal to the cor-

responding elements in A. The test B is A is True if A and B are names for the
same list. Setting C = A makes C refer to the same list object as A, whileB = A[:]
makes B refer to a copy of the list referred to by A.

Example We end this information on sublists by writing out the part of the table
list of [C, F] rows (see Sect. 2.4) where the Celsius degrees are between 10 and
35 (not including 35):

>>> for C, F in table[Cdegrees.index(10):Cdegrees.index(35)]:
print '%5.0f %5.1£7 % (C, F)

10 50.0
15 59.0
20 68.0
25 77.0
30 86.0

You should always stop reading and convince yourself that you understand why
a code segment produces the printed output. In this latter example, Cdegrees.
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index (10) returns the index corresponding to the value 10 in the Cdegrees list.
Looking at the Cdegrees elements, one realizes (do it!) that the for loop is equiv-
alent to

for C, F in table[6:11]:

This loop runs over the indices 6,7,..., 10 in table.

2.4.4 Traversing Nested Lists

We have seen that traversing the nested list table could be done by a loop of the
form

for C, F in table:
# process C and F

This is natural code when we know that table is a list of [C, F] lists. Now we
shall address more general nested lists where we do not necessarily know how many
elements there are in each list element of the list.

Suppose we use a nested list scores to record the scores of players in a game:
scores [1] holds a list of the historical scores obtained by player number i. Dif-
ferent players have played the game a different number of times, so the length of
scores [i] depends on i. Some code may help to make this clearer:

scores = []

# score of player no. O:

scores.append([12, 16, 11, 12])

# score of player no. 1:

scores.append([9])

# score of player no. 2:

scores.append([6, 9, 11, 14, 17, 15, 14, 20])

The list scores has three elements, each element corresponding to a player. The
element no. g in the list scores[p] corresponds to the score obtained in game
number g played by player number p. The length of the lists scores [p] varies and
equals 4, 1, and 8 for p equal to 0, 1, and 2, respectively.

In the general case we may have n players, and some may have played the game
a large number of times, making scores potentially a big nested list. How can
we traverse the scores list and write it out in a table format with nicely formatted
columns? Each row in the table corresponds to a player, while columns correspond
to scores. For example, the data initialized above can be written out as

12 16 11 12
9
6 9 11 14 17 15 14 20

In a program, we must use two nested loops, one for the elements in scores and
one for the elements in the sublists of scores. The example below will make this
clear.
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There are two basic ways of traversing a nested list: either we use integer indices
for each index, or we use variables for the list elements. Let us first exemplity the
index-based version:

for p in range(len(scores)):
for g in range(len(scores[p])):
score = scores[p] [g]
print ’%4d’ % score,
print

With the trailing comma after the print string, we avoid a newline so that the column
values in the table (i.e., scores for one player) appear at the same line. The single
print command after the loop over ¢ adds a newline after each table row. The
reader is encouraged to go through the loops by hand and simulate what happens in
each statement (use the simple scores list initialized above).

The alternative version where we use variables for iterating over the elements in
the scores list and its sublists looks like this:

for player in scores:
for game in player:
print ’%4d’ } game,
print

Again, the reader should step through the code by hand and realize what the values
of player and game are in each pass of the loops.

In the very general case we can have a nested list with many indices: somelist
[i1] [i2] [13]. ... To visit each of the elements in the list, we use as many nested
for loops as there are indices. With four indices, iterating over integer indices look
as

for il in range(len(somelist)):
for i2 in range(len(somelist[i1])):
for i3 in range(len(somelist[i1][i2])):
for i4 in range(len(somelist[i1][12] [i31)):
value = somelist[i1][i2][i3] [i4]
# work with value

The corresponding version iterating over sublists becomes

for sublistl in somelist:
for sublist2 in sublistil:
for sublist3 in sublist2:
for sublist4 in sublist3:
value = sublist4
# work with value
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2.5 Tuples

Tuples are very similar to lists, but tuples cannot be changed. That is, a tuple can
be viewed as a constant list. While lists employ square brackets, tuples are written
with standard parentheses:

>>> t = (2, 4, 6, ’temp.pdf’) # define a tuple with name t

One can also drop the parentheses in many occasions:

>>»>t =2, 4, 6, ’temp.pdf’
>>> for element in ’myfile.txt’, ’yourfile.txt’, ‘herfile.txt’:
print element,

myfile.txt yourfile.txt herfile.txt

The for loop here is over a tuple, because a comma separated sequence of objects,
even without enclosing parentheses, becomes a tuple. Note the trailing comma
in the print statement. This comma suppresses the final newline that the print
command automatically adds to the output string. This is the way to make several
print statements build up one line of output.

Much functionality for lists is also available for tuples, for example:

>>>t =t + (-1.0, -2.0) # add two tuples
>>> t

(2, 4, 6, 'temp.pdf’, -1.0, -2.0)

>>> t[1] # indexing

4

>>> t[2:] # subtuple/slice
(6, ’temp.pdf’, -1.0, -2.0)

>>> 6 in t # membership
True

Any list operation that changes the list will not work for tuples:
>>> t[1] = -1
féﬁeError: object does not support item assignment
>>> t.append(0)
Aé;ributeError: ’tuple’ object has no attribute ’append’
>>> del t[1]
%éﬁeError: object doesn’t support item deletion

Some list methods, like index, are not available for tuples. So why do we need
tuples when lists can do more than tuples?

e Tuples protect against accidental changes of their contents.
e Code based on tuples is faster than code based on lists.
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o Tuples are frequently used in Python software that you certainly will make use
of, so you need to know this data type.

There is also a fourth argument, which is important for a data type called dictionar-
ies (introduced in Sect. 6.1): tuples can be used as keys in dictionaries while lists
can not.

2.6 Summary
2.6.1 Chapter Topics

While loops Loops are used to repeat a collection of program statements several
times. The statements that belong to the loop must be consistently indented in
Python. A while loop runs as long as a condition evaluates to True:

>>>t =0; dt =0.5; T=2
>>> while t <= T:

print t
t += dt
0
0.5
1.0
1.5
2.
>>> print ’Final t:’, t, 7; t <= T is’, t <= T

Final t: 2.5 ; t <= T is False

Lists A list is used to collect a number of values or variables in an ordered se-
quence.

>>> mylist = [t, dt, T, ’mynumbers.dat’, 100]

A list element can be any Python object, including numbers, strings, functions, and
other lists, for instance.

The table below shows some important list operations (only a subset of these are
explained in the present chapter).

Construction Meaning

a =[] initialize an empty list

a=[1, 4.4, initialize a list

’run.py’]

a.append (elem) add elem object to the end

a + [1,3] add two lists

a.insert(i, e) insert element e before index i

a[3] index a list element

al[-1] get last list element

al[1:3] slice: copy data to sublist (here: index 1, 2)

del a[3] delete an element (index 3)
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2,6.2 Example: Analyzing List Data

Problem The file src/misc/0xford_sun_hours.txt2 contains data of the num-
ber of sun hours in Oxford, UK, for every month since January 1929. The data are
already on a suitable nested list format:

[

[43.8, 60.5, 190.2, ...]
[49.9, 54.3, 109.7, ...]
[63.7, 72.0, 142.3, ...]

. w

The list in every line holds the number of sun hours for each of the year’s 12 months.
That is, the first index in the nested list corresponds to year and the second index
corresponds to the month number. More precisely, the double index [i] [j] corre-
sponds to year 1929 + i and month 1 4 j (January being month number 1).

The task is to define this nested list in a program and do the following data
analysis.

¢ Compute the average number of sun hours for each month during the total data
period (1929-20009).

¢ Which month has the best weather according to the means found in the preceding
task?

e For each decade, 1930-1939, 1940-1949, ..., 2000-2009, compute the aver-
age number of sun hours per day in January and December. For example, use
December 1949, January 1950, ..., December 1958, and January 1959 as data
for the decade 1950-1959. Are there any noticeable differences between the
decades?

Solution Initializing the data is easy: just copy the data from the Oxford_sun_
hours.txt file into the program file and set a variable name on the left hand side
(the long and wide code is only indicated here):

data = [

[43.8, 60.5, 190.2, ...],
[49.9, 54.3, 109.7, ...],
[63.7, 72.0, 142.3, ...l,

]

For task 1, we need to establish a list monthly_mean with the results from the
computation, i.e., monthly_mean[2] holds the average number of sun hours for
March in the period 1929-2009. The average is computed in the standard way: for
each month, we run through all the years, sum up the values, and finally divide by
the number of years (Len(data) or 2009 — 1929 + 1).

2 http://tinyurl.com/pwyasaa/misc/Oxford_sun_hours.txt
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monthly_mean = []
n = len(data) # no of years
for m in range(12): # counter for month indices
s =0 # sum
for y in data: # loop over "rows" (first index) in data
s += y[m] # add value for month m
monthly_mean.append(s/n)

An alternative solution would be to introduce separate variables for the monthly
averages, say Jan_mean, Feb_mean, etc. The reader should as an exercise write the
code associated with such a solution and realize that using the monthly_mean list
is more elegant and yields much simpler and shorter code. Separate variables might
be an okay solution for 2-3 variables, but not for as many as 12.

Perhaps we want a nice-looking printout of the results. This can elegantly be
created by first defining a tuple (or list) of the names of the months and then running
through this list in parallel with monthly_mean:

month_names = ’Jan’, ’Feb’, ’Mar’, ’Apr’, ’May’, ’Jun’,\
?Jul?’, ’Aug’, ’Sep’, ’0Oct’, ‘Nov’, ’Dec’
for name, value in zip(month_names, monthly_mean):
print ’%s: %.1f’ % (name, value)

The printout becomes

Jan: 56.6
Feb: 72.7
Mar: 116.
Apr: 153.
May: 191.
Jun: 198.
Jul: 193.
Aug: 184.
Sep: 138.
Oct: 104.
Nov: 67.4
Dec: 52.4

DWW oo NNOg

Task 2 can be solved by pure inspection of the above printout, which reveals
that June is the winner. However, since we are learning programming, we should
be able to replace our eyes with some computer code to automate the task. The
maximum value max_value of a list like monthly_mean is simply obtained by
max (monthly_mean). The corresponding index, needed to find the right name of
the corresponding month, is found frommonthly_mean.index (max_value). The
code for task 2 is then

max_value = max(monthly_mean)

month = month_names [monthly_mean.index (max_value)]

print ’/s has best weather with %.1f sun hours on average’ % \
(month, max_value)

Task 3 requires us to first develop an algorithm for how to compute the decade
averages. The algorithm, expressed with words, goes as follows. We loop over the
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decades, and for each decade, we loop over its years, and for each year, we add the
December data of the previous year and the January data of the current year to an
accumulation variable. Dividing this accumulation variable by 10 - 2 - 30 gives the
average number of sun hours per day in the winter time for the particular decade.
The code segment below expresses this algorithm in the Python language:

decade_mean = []
for decade_start in range(1930, 2010, 10):
Jan_index = 0; Dec_index = 11 # indices
s =0
for year in range(decade_start, decade_start+10):
y = year - 1929 # list index
print dataly-1] [Dec_index] + dataly] [Jan_index]
s += data[y-1] [Dec_index] + dataly] [Jan_index]
decade_mean.append(s/(20.%30))
for i in range(len(decade_mean)):
print ’Decade %d-%d: %.1f’ % \
(1930+i*10, 1939+i*10, decade_mean[i])

The output becomes

Decade 1930-1939:
Decade 1940-1949:
Decade 1950-1959:
Decade 1960-1969:
Decade 1970-1979:
Decade 1980-1989:
Decade 1990-1999:
Decade 2000-2009:

[ R e
= 00O O 00 00 00

The complete code is found in the file sun_data.py.

Remark The file Oxford_sun_hours.txt is based on data from the UK Met
Office®. A Python program for downloading the data, interpreting the content, and
creating a file like Oxford_sun_hours.txt is explained in detail in Sect. 6.3.3.

2.6.3 How to Find More Python Information

This book contains only fragments of the Python language. When doing your own
projects or exercises you will certainly feel the need for looking up more detailed
information on modules, objects, etc. Fortunately, there is a lot of excellent docu-
mentation on the Python programming language.

The primary reference is the official Python documentation website*: docs.
python.org. Here you can find a Python tutorial, the very useful Library Refer-
ence [3], and a Language Reference, to mention some key documents. When you
wonder what functions you can find in a module, say the math module, you can go
to the Library Reference search for math, which quickly leads you to the official

3 http://www.metoffice.gov.uk/climate/uk/stationdata/
* http://docs.python.org/index.html
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documentation of the math module. Alternatively, you can go to the index of this
document and pick the math (module) item directly. Similarly, if you want to
look up more details of the printf formatting syntax, go to the index and follow the
printf-style formatting index.

Warning

A word of caution is probably necessary here. Reference manuals are very tech-
nical and written primarily for experts, so it can be quite difficult for a newbie to
understand the information. An important ability is to browse such manuals and
dig out the key information you are looking for, without being annoyed by all the
text you do not understand. As with programming, reading manuals efficiently
requires a lot of training.

A tool somewhat similar to the Python Standard Library documentation is the
pydoc program. In a terminal window you write

Terminal> pydoc math

In IPython there are two corresponding possibilities, either

In [1]: !pydoc math

or

In [2]: import math
In [3]: help(math)

The documentation of the complete math module is shown as plain text. If a specific
function is wanted, we can ask for that directly, e.g., pydoc math.tan. Since
pydoc is very fast, many prefer pydoc over web pages, but pydoc has often less
information compared to the web documentation of modules.

There are also a large number of books about Python. Beazley [1] is an excellent
reference that improves and extends the information in the web documentation. The
Learning Python book [17] has been very popular for many years as an introduc-
tion to the language. There is a special web page’ listing most Python books on
the market. Very few books target scientific computing with Python, but [4] gives
an introduction to Python for mathematical applications and is more compact and
advanced than the present book. It also serves as an excellent reference for the ca-
pabilities of Python in a scientific context. A comprehensive book on the use of
Python for assisting and automating scientific work is [13].

Quick references, which list almost to all Python functionality in compact tabular
form, are very handy. We recommend in particular the one by Richard Gruet® [6].

The website http://www.python.org/doc/ contains a list of useful Python intro-
ductions and reference manuals.

3 http://wiki.python.org/moin/PythonBooks
® http://reruet.free.fr/PQR27/PQR2.7. html
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2.7 Exercises

Exercise 2.1: Make a Fahrenheit-Celsius conversion table
Write a Python program that prints out a table with Fahrenheit degrees 0, 10, 20, . . .,
100 in the first column and the corresponding Celsius degrees in the second column.

Hint Modify the c2f_table_while.py program from Sect. 2.1.2.
Filename: f2c_table_while.

Exercise 2.2: Generate an approximate Fahrenheit-Celsius conversion table
Many people use an approximate formula for quickly converting Fahrenheit (F) to
Celsius (C) degrees:

C ~C = (F-30)/2 (2.2)

Modify the program from Exercise 2.1 so that it prints three columns: F, C, and
the approximate value C.
Filename: £2c_approx_table.

Exercise 2.3: Work with a list

Set a variable primes to a list containing the numbers 2, 3, 5, 7, 11, and 13. Write
out each list element in a for loop. Assign 17 to a variable p and add p to the end
of the list. Print out the entire new list.

Filename: primes.

Exercise 2.4: Generate odd numbers

Write a program that generates all odd numbers from 1 to n. Set n in the beginning
of the program and use a while loop to compute the numbers. (Make sure that if n
is an even number, the largest generated odd number is n-1.)

Filename: odd.

Exercise 2.5: Compute the sum of the first n integers

Write a program that computes the sum of the integers from 1 up to and including
n. Compare the result with the famous formula n(n + 1)/2.

Filename: sum_int.

Exercise 2.6: Compute energy levels in an atom
The n-th energy level for an electron in a Hydrogen atom is given by

meet 1
n - T
8egh? n?

where m, = 9.1094 - 103! kg is the electron mass, e = 1.6022 - 107'°C is the
elementary charge, ¢y = 8.8542-10712 C2 s kg~! m~3 is the electrical permittivity
of vacuum, and i = 6.6261 - 10734 Js.

a) Write a Python program that calculates and prints the energy level E,, forn =
1,....20.
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Exercise 2.13: Simulate a program by hand
Consider the following program for computing with interest rates:

initial_amount = 100

p = 6.5 # interest rate

amount = initial_amount

years = 0

while amount <= 1.5%initial_amount:
amount = amount + p/100*amount
years = years + 1

print years

a) Use a pocket calculator or an interactive Python shell and work through the
program calculations by hand. Write down the value of amount and years in
each pass of the loop.

b) Setp = 5 instead. Why will the loop now run forever? (Apply Ctrl+c, see Ex-
ercise 2.11, to stop a program with a loop that runs forever.) Make the program
robust against such errors.

¢) Make use of the operator += wherever possible in the program.

d) Explain with words what type of mathematical problem that is solved by this
program.

Filename: interest_rate_loop.

Exercise 2.14: Explore Python documentation
Suppose you want to compute with the inverse sine function: sin™' x. How do you
do that in a Python program?

Hint The math module has an inverse sine function. Find the correct name of the
function by looking up the module content in the online Python Standard Library’
document or use pydoc, see Sect. 2.6.3.

Filename: inverse_sine.

Exercise 2.15: Index a nested list
We define the following nested list:

q= [[;a:’ ’b’, ’C’], [’d’, )e;. :f:]. [:gJ, ’h’]]

a) Index this list to extract 1) the letter a; 2) the list [?d?, ’e’, >f’];3) the last
element h; 4) the d element. Explain why q[-1] [-2] has the value g,.
b) We can visit all elements of q using this nested for loop:
for i in q:
for j in range(len(i)):

print ilj]

‘What type of objects are i and j?

Filename: index_nested_list.

" htp://docs.python.org/2/library/
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Exercise 2.16: Store data in lists R

Modify the program from Exercise 2.2 so that all the F, C, and C values are
stored in separate lists F, C, and C_approx, respectively. Then make a nested list
conversion so that conversion[i] holds a row in the table: [F[i], C[il,
C_approx[i]]. Finally, let the program traverse the conversion list and write
out the same table as in Exercise 2.2.

Filename: f2c_approx_lists.

Exercise 2.17: Store data in a nested list

The purpose of this exercise is to store tabular data in two alternative ways, either
as a list of columns or as a list of rows. In order to write out a nicely formatted
table, one has to traverse the data, and the technique for traversal depends on how
the tabular data is stored.

a) Compute two lists of # and y values as explained in Exercise 2.9. Store the two
lists in a new nested list ty1 such that ty1[0] and ty1[1] correspond to the
two lists. Write out a table with ¢ and y values in two columns by looping over
the data in the ty1 list. Each number should be written with two decimals.

b) Make a list ty2 which holds each row in the table of 7 and y values (ty1 is a list
of table columns while ty2 is a list of table rows, as explained in Sect. 2.4).
Loop over the ty2 list and write out the ¢ and y values with two decimals each.

Filename: ball_table3.

Exercise 2.18: Values of boolean expressions
Explain the outcome of each of the following boolean expressions:

= 41

== 40

!= 40 and C < 41
=40 or C < 41

not C == 40

not C > 40

C <= 41

not False

True and False

False or True

False or False or False
True and True and False

C
C
C
C

False == 0

True == 0

True == 1
Note
It makes sense to compare True and False to the integers 0 and 1, but not other
integers (e.g., True == 12 is False although the infeger 12 evaluates to True

1n a boolean context, as in bool(12) or if 12).

Filename: eval_bool.
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Exercise 2.19: Explore round-off errors from a large number of inverse
operations

Maybe you have tried to hit the square root key on a calculator multiple times and
then squared the number again an equal number of times. These set of inverse
mathematical operations should of course bring you back to the starting value for
the computations, but this does not always happen. To avoid tedious pressing of
calculator keys, we can let a computer automate the process. Here is an appropriate
program:

from math import sqrt
for n in range(1, 60):
r=2.0

for i in range(n):
for i in range(n):

2
i
r = sqrt(r)
i
r

= r¥%2
print ’Jd times sqrt and **2: %.16f’ % (n, r)

Explain with words what the program does. Then run the program. Round-off
errors are here completely destroying the calculations when n is large enough! In-
vestigate the case when we come back to | instead of 2 by fixing an n value where
this happens and printing out r in both for loops over i. Can you now explain why
we come back to 1 and not 2?

Filename: repeated_sqrt.

Exercise 2.20: Explore what zero can be on a computer
Type in the following code and run it:

eps = 1.0

while 1.0 != 1.0 + eps:
SIS Y e cooeeanncoo. ’, eps
eps = eps/2.0

print ’final eps:’, eps

Explain with words what the code is doing, line by line. Then examine the output.
How can it be that the “equation” 1 # 1 + eps is not true? Or in other words, that
anumber of approximately size 107!° (the final eps value when the loop terminates)
gives the same result as if eps were zero?

Filename: machine_zero.

Remarks The nonzero eps value computed above is called machine epsilon or
machine zero and is an important parameter to know, especially when certain math-
ematical techniques are applied to control round-off errors.

Exercise 2.21: Compare two real numbers with a tolerance
Run the following program:

a 1/947.0%947
b=1
if a != b:
print ’Wrong result!’
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The lesson learned from this program is that one should never compare two
floating-point objects directly using a == b or a !'= b, because round-off errors
quickly make two identical mathematical values different on a computer. A better
result is to test if abs(a - b) < tol, where tol is a very small number. Modify
the test according to this idea.

Filename: compare_floats.

Exercise 2.22: Interpret a code

The function time in the module t ime returns the number of seconds since a partic-
ular date (called the Epoch, which is January 1, 1970, on many types of computers).
Python programs can therefore use time.time () to mimic a stop watch. Another
function, time.sleep(n) causes the program to pause for n seconds and is handy
for inserting a pause. Use this information to explain what the following code does:

import time

t0 = time.time()

while time.time() - t0 < 10:
print ’....I like while loops!’
time.sleep(2)

print ’0Oh, no - the loop is over.’

How many times is the print statement inside the loop executed? Now, copy the
code segment and change the < sign in the loop condition to a > sign. Explain what
happens now.

Filename: time_while.

Exercise 2.23: Explore problems with inaccurate indentation
Type in the following program in a file and check carefully that you have exactly
the same spaces:

C = -60; dC = 2
while C <= 60:
F = (9.0/6)*C + 32
print C, F
C=C+ d4dC

Run the program. What is the first problem? Correct that error. What is the next
problem? What is the cause of that problem? (See Exercise 2.11 for how to stop
a hanging program.)

Filename: indentation.

Remarks The lesson learned from this exercise is that one has to be very care-
ful with indentation in Python programs! Other computer languages usually en-
close blocks belonging to loops in curly braces, parentheses, or begin-end marks.
Python’s convention with using solely indentation contributes to visually attractive,
easy-to-read code, at the cost of requiring a pedantic attitude to blanks from the
programmer.
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Exercise 2.24: Explore punctuation in Python programs

Some of the following assignments work and some do not. Explain in each case
why the assignment works/fails and, if it works, what kind of object x refers to and
what the value is if we do a print x.

A

Mo MMM MK
[
[ S S

-

Hint Explore the statements in an interactive Python shell.
Filename: punctuation.

Exercise 2.25: Investigate a for loop over a changing list
Study the following interactive session and explain in detail what happens in each
pass of the loop, and use this explanation to understand the output.

>>> numbers = range(10)
>>> print numbers
fo, 1, 2, 3, 4, 5, 6, 7, 8, 9]
>>> for n in numbers:
i = len(numbers)/2
del numbers([i]
print ’n=%d, del %d’ ¥ (n,i), numbers

n=0, del 5 [0,

1, 2, 3, 4, 8, 7, 8, 9]
n=1, del 4 [0, 1, 2, 3, 6, 7, 8, 9]
n=2, del 4 [0, 1, 2, 3, 7, 8, 9]
n=3, del 3 [0, 1, 2, 7, 8, 9]
=8, del 3 [0, 1, 2, 8, 9]

Warning

The message in this exercise is to never modify a list that we are looping over.
Modification is indeed technically possible, as shown above, but you really need
to know what you are doing. Otherwise you will experience very strange pro-
gram behavior.

Filename: for_changing_list.
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3.1.2 Understanding the Program Flow

A programmer must have a deep understanding of the sequence of statements that
are executed in the program and be able to simulate by hand what happens with
a program in the computer. To help build this understanding, a debugger (see
Sect. F.1) or the Online Python Tutor? are excellent tools. A debugger can be used
for all sorts of programs, large and small, while the Online Python Tutor is primarily
an educational tool for small programs. We shall demonstrate it here.

Below is a program c2f . py having a function and a for loop, with the purpose
of printing out a table for conversion of Celsius to Fahrenheit degrees:

def F(C):
F = 9./6xC + 32
return F

dc = 10

C = -30

while C <= 50:
print °%5.1f %5.1f’ % (C, F(C))
C += dC

We shall now ask the Online Python Tutor to visually explain how the program
is executed. Go to http://www.pythontutor.com/visualize.html, erase the code there
and write or paste the c2f . py file into the editor area. Click Visualize Execution.
Press the forward button to advance one statement at a time and observe the evolu-
tion of variables to the right in the window. This demo illustrates how the program
jumps around in the loop and up to the F(C) function and back again. Figure 3.1

1 def F(C): — -

2 F=09,/5*C + 32 Global frame _ functor

] return F F Fic)
nd L L

. dc |10

) dC = 10 c |10

) C= -30 '

7 while C <= 58: F

B print '%.1f %.1f" % (C, F(C)) o |£

4] C += dC

F (1o
Eot code Retum

. value o
1§ =
<< First | [ < Back | Step 2301 67 | Fooward > | [ Last>>
ine that has just executed
= next line 10 execule
Program output:

-30.0 -22.0
-20.0 -4.0

Fig. 3.1 Screen shot of the Online Python Tutor and stepwise execution of the c2f . py program

2 http://www.pythontutor.com/
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gives a snapshot of the status of variables, terminal output, and what the current and
next statements are.

Tip: How does a program actually work?

Every time you are a bit uncertain about the flow of statements in a program with
loops and/or functions, go to http://www.pythontutor.com/visualize.html, paste
in your program and see exactly what happens.

3.1.3 Local and Global Variables

Local variables are invisible outside functions Let us reconsider the F2(C) func-
tion from Sect. 3.1.1. The variable F_value is a local variable in the function, and
a local variable does not exist outside the function, i.e., in the main program. We
can easily demonstrate this fact by continuing the previous interactive session:

>>> cl 37.5
>>> 82 = F2(cl)
>>> F_value

NameError: name °’F_value’ is not defined

This error message demonstrates that the surrounding program outside the function
is not aware of F_value. Also the argument to the function, C, is a local variable
that we cannot access outside the function:

>>> C

NameError: name °C’ is not defined

On the contrary, the variables defined outside of the function, like s1, s2, and c1
in the above session, are global variables. These can be accessed everywhere in
a program, also inside the F2 function.

Local variables hide global variables Local variables are created inside a func-
tion and destroyed when we leave the function. To learn more about this fact, we
may study the following session where we write out F_value, C, and some global
variable r inside the function:

>>> def F3(C):
F_value = (9.0/5)*C + 32
print ’Inside F3: C=Ys F_value=}s r=ys’ ) (C, F_value, r)
return ’%.1f degrees Celsius corresponds to °’\
*%.1f degrees Fahrenheit’ % (C, F_value)

>>> C = 60 # make a global variable C
>>>r = 21 # another global variable
>>> 83 = F3(r)



3.1 Functions 95

Inside F3: C=21 F_value=69.8 r=21

>>> s3

’21.0 degrees Celsius corresponds to 69.8 degrees Fahrenheit’
>>> C

60

This example illustrates that there are two C variables, one global, defined in the
main program with the value 60 (an int object), and one local, living when the
program flow is inside the F3 function. The value of this latter C is given in the call
to the F3 function (an int object). Inside the F3 function the local C hides the global
C variable in the sense that when we refer to C we access the local variable. (The
global C can technically be accessed as globals() [’C?], but one should avoid
working with local and global variables with the same names at the same time!)
The Online Python Tutor gives a complete overview of what the local and global
variables are at any point of time. For instance, in the example from Sect. 3.1.2,
Fig. 3.1 shows the content of the three global variables F, dC, and C, along with the
content of the variables that are in play in this call of the F(C) function: C and F.

How Python looks up variables

The more general rule, when you have several variables with the same name, is
that Python first tries to look up the variable name among the local variables,
then there is a search among global variables, and finally among built-in Python
functions.

Example Here is a complete sample program that aims to illustrate the rule above:

print sum # sum is a built-in Python function
sum = 500 # rebind the name sum to an int
print sum # sum is a global variable

def myfunc(n):
sum = n + 1
print sum # sum is a local variable
return sum

sum = myfunc(2) + 1 # new value in global variable sum
print sum

In the first line, there are no local variables, so Python searches for a global value
with name sum, but cannot find any, so the search proceeds with the built-in func-
tions, and among them Python finds a function with name sum. The printout of sum
becomes something like <built-in function sum>.

The second line rebinds the global name sum to an int object. When trying to
access sumin the next print statement, Python searches among the global variables
(no local variables so far) and finds one. The printout becomes 500. The call
myfunc (2) invokes a function where sum is a local variable. Doing a print sum
in this function makes Python first search among the local variables, and since sum
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is found there, the printout becomes 3 (and not 500, the value of the global variable
sum). The value of the local variable sum is returned, added to 1, to form an int
object with value 4. This int object is then bound to the global variable sum. The
final print sum leads to a search among global variables, and we find one with
value 4.

Changing global variables inside functions The values of global variables can
be accessed inside functions, but the values cannot be changed unless the variable
is declared as global:

a =1 20: b = =2.5 # global variables
def f1(x):
a=21 # this is a new local variable

return a*x + b

print a # yields 20
def f2(x):
global a
a=21 # the global a is changed

return a*x + b

+H+

£1(3); print a
£2(3); print a

20 is printed
21 is printed

=+

Note that in the £1 function, a = 21 creates a local variable a. As a programmer
you may think you change the global a, but it does not happen! You are strongly
encouraged to run the programs in this section in the Online Python Tutor, which
is an excellent tool to explore local versus global variables and thereby get a good
understanding of these concepts.

3.1.4 Multiple Arguments

The previous F(C) and F2(C) functions from Sect. 3.1.1 are functions of one vari-
able, C, or as we phrase it in computer science: the functions take one argument
(C). Functions can have as many arguments as desired; just separate the argument
names by commas.

Consider the mathematical function

y(t) = vot — lgrz,
2
where g is a fixed constant and v, is a physical parameter that can vary. Mathemat-
ically, v is a function of one variable, ¢, but the function values also depends on the
value of vy. That is, to evaluate y, we need values for ¢t and vy. A natural Python
implementation is therefore a function with two arguments:
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def yfunc(t, v0):
g =9.81
return vO*t - 0.b*gxtxx2

Note that the arguments t and vO are local variables in this function. Examples on
valid calls are

yfunc (0.1, 6)
yfunc(0.1, v0=6)
yfunc(t=0.1, v0=6)
yfunc(v0=6, t=0.1)

W
"]

The possibility to write argument=value in the call makes it easier to read and
understand the call statement. With the argument=value syntax for all arguments,
the sequence of the arguments does not matter in the call, which here means that
we may put vO before t. When omitting the argument= part, the sequence of ar-
guments in the call must perfectly match the sequence of arguments in the function
definition. The argument=value arguments must appear after all the arguments
where only value is provided (e.g., yfunc(t=0.1, 6) is illegal).

Whether we write yfunc (0.1, 6) or yfunc(v0=6, t=0.1), the arguments
are initialized as local variables in the function in the same way as when we assign
values to variables:

t =0.1
vO0 = 6

These statements are not visible in the code, but a call to a function automatically
initializes the arguments in this way.

3.1.5 Function Argument or Global Variable?

Since y mathematically is considered a function of one variable, ¢, some may argue
that the Python version of the function, yfunc, should be a function of t only. This
is easy to reflect in Python:

def yfunc(t):
g =9.81
return vO*t - O.b*gxtx**2

The main difference is that vO now becomes a global variable, which needs to be
initialized outside the function yfunc (in the main program) before we attempt to
call yfunc. The next session demonstrates what happens if we fail to initialize such
a global variable:
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>>> def f(x):
return x, x**2, x**4

>>> s = £(2)

>>> s
(2, 4, 16)
>>> type(s)

<type ’tuple’>
>>> x, x2, x4 = £(2) # store in separate variables

Note that storing multiple return values in separate variables, as we do in the last
line, is actually the same functionality as we use for storing list (or tuple) elements
in separate variables, see Sect. 2.2.1.

3.1.8 Computing Sums

Our next example concerns a Python function for calculating the sum

"1 x )
L(.r,n):Z]?(l+x) . (3.1

i=

To compute a sum in a program, we use a loop and add terms to an accumulation
variable inside the loop. Section 2.1.4 explains the idea. However, summation
expressions with an integer counter, such as 7 in (3.1), are normally implemented
by a for loop over the i counter and not awhile loop as in Sect. 2.1.4. For example,

the implementation of }7_, i 2 is typically implemented as

s =0
for i in range(1, n+1):
s += i%k*2

For the specific sum (3.1) we just replace i**2 by the right term inside the for
loop:

s =0
for i in range(1l, n+1):
s += (1.0/3i)*(x/(1.0+x))**i

Observe the factors 1.0 used to avoid integer division, since i is int and x may
also be int.

It is natural to embed the computation of the sum in a function that takes x and
n as arguments and returns the sum:

def L(x, n):
s =0
for i in range(i, n+1):
s += (1.0/1)*(x/(1.0+x))**i
return s
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Our formula (3.1) is not chosen at random. In fact, it can be shown that L(x;n)
is an approximation to In(1 + x) for a finite n and x = 1. The approximation
becomes exact in the limit

lim L{x:n) =1In(1+ x).

n—>00

Computational significance of L(x;n)

Although we can compute In(1 4 x) on a calculator or by math.log(1+x) in
Python, you may have wondered how such a function is actually calculated in-
side the calculator or the math module. In most cases this must be done via
simple mathematical expressions such as the sum in (3.1). A calculator and the
math module will use more sophisticated formulas than (3.1) for ultimate ef-
ficiency of the calculations, but the main point is that the numerical values of
mathematical functions like In(x), sin(x), and tan(x) are usually computed by
sums similar to (3.1).

Instead of having our L function just returning the value of the sum, we could
return additional information on the error involved in the approximation of In(14x)
by L(x;n). The size of the terms decreases with increasing 7, and the first neglected
term is then bigger than all the remaining terms, but not necessarily bigger than their
sum. The first neglected term is hence an indication of the size of the total error we
make, so we may use this term as a rough estimate of the error. For comparison,
we could also return the exact error since we are able to calculate the In function by
math.log.

A new version of the L(x, n) function, where we return the value of L(x:n),
the first neglected term, and the exact error goes as follows:

def L2(x, n):
s =0
for i in range(1, n+1):
s += (1.0/1)*(x/(1.0+x))**i
value_of_sum = s
first_neglected_term = (1.0/(n+1))*(x/(1.0+x))**(n+1)
from math import log
exact_error = log(l+x) - value_of_sum
return value_of_sum, first_neglected_term, exact_error

# typical call:
value, approximate_error, exact_error = L2(x, 100)

The next section demonstrates the usage of the L2 function to judge the quality of
the approximation L(x;n) to In(1 + x).

3.1.9 Functions with No Return Values

Sometimes a function just performs a set of statements, without computing objects
that are natural to return to the calling code. In such situations one can simply skip
the return statement. Some programming languages use the terms procedure or
subroutine for functions that do not return anything.
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Let us exemplify a function without return values by making a table of the accu-
racy of the L(x;n) approximation to In(1 4 x) from the previous section:

def table(x):
print ’\nx=%g, In(1+x)=Yg’ % (x, log(l+x))
for n in [1, 2, 10, 100, 500]:
value, next, error = L2(x, n)
print ’n=Y-4d %-10g (next term: %8.2e ’\
’error: %8.2e)’ % (n, value, next, error)

This function just performs a set of statements that we may want to run several
times. Calling

table(10)
table(1000)

gives the output

x=10, 1n(1+x)=2.3979

n=1 0.909091 (next term: 4.13e-01 error: 1.49e+00)
n=2 1.32231 (next term: 2.50e-01 error: 1.08e+00)
n=10 2.17907 (next term: 3.19e-02 error: 2.19e-01)
n=100 2.39789 (next term: 6.53e-07 error: 6.59e-06)
n=500 2.3979 (next term: 3.65e-24 error: 6.22e-15)
x=1000, 1n(1+x)=6.90875

n=1 0.999001 (next term: 4.99e-01 error: 5.91e+00)
n=2 1.498 (next term: 3.32e-01 error: 5.41e+00)
n=10 2.919 (next term: 8.99e-02 error: 3.99e+00)
n=100 5.08989 (next term: 8.95e-03 error: 1.82e+00)
n=500 6.34928 (next term: 1.21e-03 error: 5.59e-01)

From this output we see that the sum converges much more slowly when x is large
than when x is small. We also see that the error is an order of magnitude or more
larger than the first neglected term in the sum. The functions L, L2, and table are
found in the file lnsum. py.

When there is no explicit return statement in a function, Python actually inserts
an invisible return None statement. None is a special object in Python that repre-
sents something we might think of as empty data or just “nothing”. Other computer
languages, such as C, C++, and Java, use the word void for a similar thing. Nor-
mally, one will call the table function without assigning the return value to any
variable, but if we assign the return value to a variable, result = table(500),
result will refer to a None object.

The None value is often used for variables that should exist in a program, but
where it is natural to think of the value as conceptually undefined. The standard
way to test if an object obj is set to None or not reads

if obj is Nome:

if obj is not None:
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One can also use obj == None. The is operator tests if two names refer to the
same object, while == tests if the contents of two objects are the same:

>>> a 1

>>> b a

>>> a is b # a and b refer to the same object
True

>>> ¢ =1.0

>>> a is ¢

False

>>> a == ¢ # a and ¢ are mathematically equal
True

3.1.10 Keyword Arguments

Some function arguments can be given a default value so that we may leave out
these arguments in the call. A typical function may look as

>>> def somefunc(argl, arg2, kwargl=True, kwarg2=0):
>>> print argl, arg2, kwargl, kwarg2

The first two arguments, argl and arg2, are ordinary or positional arguments,
while the latter two are keyword arguments or named arguments. Each keyword ar-
gument has a name (in this example kwargl and kwarg?2) and an associated default
value. The keyword arguments must always be listed after the positional arguments
in the function definition.

When calling somefunc, we may leave out some or all of the keyword argu-
ments. Keyword arguments that do not appear in the call get their values from the
specified default values. We can demonstrate the effect through some calls:

>>> somefunc(’Hello’, [1,2])

Hello [1, 2] True O

>>> somefunc(’Hello’, [1,2], kwargl='Hi’)

Hello [1, 2] Hi 0

>>> somefunc(’Hello’, [1,2], kwarg2='Hi’)

Hello [1, 2] True Hi

>>> somefunc(’Hello’, [1,2], kwarg2='Hi’, kwargi=6)
Hello [1, 2] 6 Hi

The sequence of the keyword arguments does not matter in the call. We may also
mix the positional and keyword arguments if we explicitly write name=value for
all arguments in the call:

>>> somefunc (kwarg2="Hello’, argl=’Hi’, kwargl=6, arg2=[1,2],)
Hi [1, 2] 6 Hello

Example: Function with default parameters Consider a function of # which also
contains some parameters, here A, a, and w:

f(t:A,a, @) = Ae” " sin(wr) . (3.2)
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We can implement f as a Python function where the independent variable ¢ is an or-
dinary positional argument, and the parameters A, a, and w are keyword arguments
with suitable default values:

from math import pi, exp, sin

def f(t, A=1, a=1, omega=2xpi):
return A*exp(-axt)*sin(omega*t)

Calling £ with just the t argument specified is possible:

vl = £(0.2)

In this case we evaluate the expression e *?sin(27 - 0.2). Other possible calls
include

v2 = £(0.2, omega=1)

v3 = £f(1, A=5, omega=pi, a=pi**2)
v4 = f(A=5, a=2, t=0.01, omega=0.1)
v5 = £(0.2, 0.5, 1, 1)

You should write down the mathematical expressions that arise from these four
calls. Also observe in the third line above that a positional argument, t in that case,
can appear in between the keyword arguments if we write the positional argument
on the keyword argument form name=value. In the last line we demonstrate that
keyword arguments can be used as positional argument, i.e., the name part can be
skipped, but then the sequence of the keyword arguments in the call must match the
sequence in the function definition exactly.

Example: Computing a sum with default tolerance Consider the L(x;n) sum
and the Python implementations L(x, n) and L2(x, n) from Sect. 3.1.8. Instead
of specifying the number of terms in the sum, 7, it is better to specify a tolerance &
of the accuracy. We can use the first neglected term as an estimate of the accuracy.
This means that we sum up terms as long as the absolute value of the next term is
greater than €. It is natural to provide a default value for €:

def L3(x, epsilon=1.0E-6):

x = float(x)

i=1

term = (1.0/i)*(x/(1+x))%x*i

s = term

while abs(term) > epsilon:
i+=1
term = (1.0/1)*(x/(1+x))**i
s += term

return s, i

Here is an example involving this function to make a table of the approximation
error as € decreases:
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Function input and output

It is a convention in Python that function arguments represent the input data to
the function, while the returned objects represent the output data. We can sketch
a general Python function as

def somefunc(il, i2, i3, io4, iob, if=valuel, io7=value2):
# modify iod4, io5, io6; compute ol, 02, 03
return ol, o2, o3, io4, iob5, io7

Here i1, i2, i3 are positional arguments representing input data; io4 and io5
are positional arguments representing input and output data; i6 and io7 are
keyword arguments representing input and input/output data, respectively; and
ol, 02, and 03 are computed objects in the function, representing output data
together with io4, i05, and io7. All examples later in the book will make use
of this convention.

3.1.12 Functions as Arguments to Functions

Programs doing calculus frequently need to have functions as arguments in func-
tions. For example, a mathematical function f(x) is needed in Python functions
for

numerical root finding: solve f(x) = 0approximately (Sects. 4.11.2 and A.1.10)
numerical differentiation: compute f”(x) approximately (Sects. B.2 and 7.3.2)

numerical integration: compute fj’ f(x)dx approximately (Sects. B.3 and 7.3.3)

numerical solution of differential equations: % = f(x) (Appendix E)

In such Python functions we need to have the f(x) function as an argument £. This
is straightforward in Python and hardly needs any explanation, but in most other
languages special constructions must be used for transferring a function to another
function as argument.

As an example, consider a function for computing the second-order derivative of
a function f(x) numerically:

fx—h) =2f(x) + f(x +h)

f(x) = e (3.3)
where & is a small number. The approximation (3.3) becomes exact in the limit

h — 0. A Python function for computing (3.3) can be implemented as follows:

def diff2nd(f, x, h=1E-6):
r = (£(x-h) - 2%f(x) + f(x+h))/float (h*h)
return r

The £ argument is like any other argument, i.e., a name for an object, here a function
object that we can call as we normally call functions. An application of diff2nd
may be
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def g(t):
return t**(-6)

t=1.2
d2g = diff2nd(g, t)
print "g’’ (4£)=Y£" % (t, d2g)

The behavior of the numerical derivative as # — 0 From mathematics we know
that the approximation formula (3.3) becomes more accurate as h decreases. Let
us try to demonstrate this expected feature by making a table of the second-order
derivative of g(t) =t %att =lash — 0:

for k in range(1,15):
h = 10**(-k)
d2g = diff2nd(g, 1, h)
print ’h=%.0e: %.5f’ % (h, d2g)

The output becomes

h=1e-01: 44.61504
h=1e-02: 42.02521
h=1e-03: 42.00025
h=1e-04: 42.00000
h=1e-05: 41.99999
h=1e-06: 42.00074
h=1e-07: 41.94423
h=1e-08: 47.73959
h=1e-09: -666.13381
h=1e-10: 0.00000

h=1le-11: 0.00000

h=1le-12: -666133814.77509
h=1le-13: 66613381477.50939
h=1e-14: 0.00000

With g(t) = ¢°, the exact answer is g”(1) = 42, but for & < 1073 the computa-
tions give totally wrong answers! The problem is that for small & on a computer,
rounding errors in the formula (3.3) blow up and destroy the accuracy. The math-
ematical result that (3.3) becomes an increasingly better approximation as & gets
smaller and smaller does not hold on a computer! Or more precisely, the result
holds until / in the present case reaches 1074

The reason for the inaccuracy is that the numerator in (3.3) for g(¢) = ¢~ and
t = 1 contains subtraction of quantities that are almost equal. The result is a very
small and inaccurate number. The inaccuracy is magnified by 272, a number that
becomes very large for small /.

Switching from the standard floating-point numbers (float) to numbers with
arbitrary high precision resolves the problem. Python has a module decimal that
can be used for this purpose. The SymPy package comes with an alternative module
mpmath, which also offers mathematical functions like sin and cos with arbitrary
precision. The file high_precision.py solves the current problem using arith-
metics also based on the decimal and mpmath modules. With 25 digits in x and h
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inside the diff2nd function, we get accurate results for 7 < 107'? with decimal,
while rounding errors show up for 4 > 10'° with the mpmath module.

Nevertheless, for most practical applications of (3.3), a moderately small /, say
1073 < h < 107*, gives sufficient accuracy and then rounding errors from float
calculations do not pose problems. Real-world science or engineering applications
usually have many parameters with uncertainty, making the end result also uncer-
tain, and formulas like (3.3) can then be computed with moderate accuracy without
affecting the overall uncertainty in the answers.

3.113 The Main Program

In programs containing functions we often refer to a part of the program that is
called the main program. This is the collection of all the statements outside the
functions, plus the definition of all functions. Let us look at a complete program:

from math import * # in main

def f(x): # in main
e = exp(-0.1%x)
s = sin(B*pi*x)
return e*s

x =2 # in main
y = £(x) # in main
print 'f(Ug)=lg’ % (x, y) # in main

The main program here consists of the lines with a comment in main. The ex-
ecution always starts with the first line in the main program. When a function is
encountered, its statements are just used to define the function — nothing gets com-
puted inside the function before we explicitly call the function, either from the main
program or from another function. All variables initialized in the main program be-
come global variables (see Sect. 3.1.3).

The program flow in the program above goes as follows:

Import functions from the math module,
define a function £ (x),

define x,

call £ and execute the function body,
define y as the value returned from f£,
print the string.

e @ o o 9 @

In point 4, we jump to the £ function and execute the statement inside that function
for the first time. Then we jump back to the main program and assign the float
object returned from £ to the y variable.

Readers who are uncertain about the program flow and the jumps between the
main program and functions should use a debugger or the Online Python Tutor as
explained in Sect. 3.1.2.
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3.1.14 Lambda Functions

There is a quick one-line construction of functions that is often convenient to make
Python code compact:

f = lambda x: x**2 + 4

This so-called lambda function is equivalent to writing

def f(x):
return x**2 + 4

In general,

def g(argl, arg2, arg3, ...):
return expression

can be written as

g = lambda argl, arg2, arg3, ...: expression

Lambda functions are usually used to quickly define a function as argument to
another function. Consider, as an example, the diff2nd function from Sect. 3.1.12.
In the example from that chapter we want to differentiate g(r) = ¢~° twice and first
make a Python function g (t) and then send this g to diff2nd as argument. We can
skip the step with defining the g(t) function and instead insert a lambda function
as the £ argument in the call to diff2nd:

d2 = diff2nd(lambda t: t**(-6), 1, h=1E-4)

Because lambda functions saves quite some typing, at least for very small functions,
they are popular among many programmers.
Lambda functions may also take keyword arguments. For example,

d2 = diff2nd(lambda t, A=1, a=0.5: -a*2¥txA*xexp(-a*t**2), 1.2)

3.2 Branching

The flow of computer programs often needs to branch. That is, if a condition is met,
we do one thing, and if not, we do another thing. A simple example is a function
defined as

sinx, 0<x<wnm

fx) = (3.4)

0. otherwise

In a Python implementation of this function we need to test on the value of x, which
can be done as displayed below:
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def f(x):
if 0 <= x <= pi:
value = sin(x)
else:
value = 0
return value

3.2.1 If-else Blocks
The general structure of an if-else test is

if condition:

<block of statements, executed if condition is True>
else:

<block of statements, executed if condition is False>

When condition evaluates to True, the program flow branches into the first block
of statements. If conditionis False, the program flow jumps to the second block
of statements, after the else: line. As with while and for loops, the block of
statements are indented. Here is another example:

if ¢ < -273.15:

print ’Jg degrees Celsius is non-physical!’ % C

print ’'The Fahrenheit temperature will not be computed.’
else:

F = 9.0/5%C + 32

print F
print ’end of program’

The two print statements in the if block are executed if and only if C < -273.15
evaluates to True. Otherwise, we jump over the first two print statements and
carry out the computation and printing of F. The printout of end of program will
be performed regardless of the outcome of the if test since this statement is not
indented and hence neither a part of the if block nor the else block.

The else part of an if test can be skipped, if desired:

if conditiom:
<block of statements>
<next statement>

For example,

if C < -273.15:
print ’Js degrees Celsius is non-physical!’ % C
F = 9.0/56%C + 32

In this case the computation of F will always be carried out, since the statement is
not indented and hence not a part of the if block.
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bioinformatics, a scientific discipline addressing the use of computers to search for,
explore, and use information about genes, nucleic acids, and proteins.

The leading Python software for bioinformatics applications is BioPython*. The
examples in this book (below and Sects. 6.5, 8.3.4, and 9.5) are simple illustrations
of the type of problem settings and corresponding Python implementations that are
encountered in bioinformatics. For real-world problem solving one should rather
utilize BioPython, but the sections below act as an introduction to what is inside
packages like BioPython.

We start with some very simple examples on DNA analysis that bring together
basic building blocks in programming: loops, if tests, and functions.

3.3.1 Counting Letters in DNA Strings

Given some string dna containing the letters A, C, G, or T, representing the bases
that make up DNA, we ask the question: how many times does a certain base occur
in the DNA string? For example, if dna is ATGGCATTA and we ask how many
times the base A occur in this string, the answer is 3.

A general Python implementation answering this problem can be done in many
ways. Several possible solutions are presented below.

List iteration The most straightforward solution is to loop over the letters in the
string, test if the current letter equals the desired one, and if so, increase a counter.
Looping over the letters is obvious if the letters are stored in a list. This is easily
done by converting a string to a list:

>>> list(’ATGC’)
[JAJ’ iTJ’ JG,, JC}]

QOur first solution becomes

def count_v1(dna, base):
dna = list(dna) # convert string to list of letters
i=20 # counter
for ¢ in dna:
if ¢ == base:
i+=1
return i

String iteration Python allows us to iterate directly over a string without convert-
ing it to a list:

>>> for ¢ in ’ATGC’:
print ¢

QAR -

* http://biopython.org
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In fact, all built-in objects in Python that contain a set of elements in a particular
sequence allow a for loop construction of the type for element in object.

A slight improvement of our solution is therefore to iterate directly over the
string:

def count_v2(dna, base):
i =0 # counter
for ¢ in dna:
if ¢ == base:
i+=1
return i

dna = ’ATGCGGACCTAT’
base = 'C’
n = count_v2(dna, base)

# printf-style formatting
print ’Ys appears %d times in ¥s’ % (base, n, dna)

# or (new) format string syntax
print ’{base} appears {n} times in {dna}’.format(
base=base, n=n, dna=dna)

We have here illustrated two alternative ways of writing out text where the value
of variables are to be inserted in “slots” in the string.

Index iteration Although it is natural in Python to iterate over the letters in a string
(or more generally over elements in a sequence), programmers with experience
from other languages (Fortran, C and Java are examples) are used to for loops with
an integer counter running over all indices in a string or array:

def count_v3(dna, base):
i =0 # counter
for j in range(len(dna)):
if dnal[j] == base:
i+=1
return i

Python indices always start at 0 so the legal indices for our string become 0,
1, ..., len(dna) -1, where len(dna) is the number of letters in the string dna.
The range(x) function returns a list of integers 0, 1, ..., x-1, implying that
range(len(dna)) generates all the legal indices for dna.

While loops The while loop equivalent to the last function reads

def count_v4(dna, base):
i =0 # counter
j = 0 # string index
while j < len(dna):
if dna[j] == base:
i+=1
j+=1
return i



